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PEEFACE 

One of the maiD purposes id writing this book has 
been to try to present the subject of Geometry so that the 
pupil shall uoderstand it not merely as a series of correct 
deductions, but shall realize the value and meaning of its 
principles as well. This aspect of the sabject has besa 
directly presented in some places, and it is hoped that it per- 
vades and shapes the presentation in all places. 

Again, teachers of Geometry generally agree that the 
most difficalt part of their work lies in developing in 
pnpils the power to work original esereises. The second 
main purpose of the book is to aid in the solution of this 
difficulty by arranging original exercises in groups, each 
of the earlier groups to be worked by a distinct method. 
The pupil is to be kept working at each of these groups 
till he masters the method involved in it. Later, groups 
of mixed exercises to be worked by various methods are 
given. 

In the current exercises at the bottom of the page, 
only such exercises are used as can readily be solved in 
connection with the daily work. All difficult originals are 
included in the gronps of exercises as indicated above. 

Similarly, in the writer's opinion, many of the numeri- 

m 
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cal applioations of geometry call for special methods of 
solution, and tbe thorough treatmeDt of sach exercises 
should be taken np separately and syGtematically. [Sea 
pp. 30t-318, etc.] In the daily extempore work only such ■ 
namerical problems are included as are needed to make 
clear and definite the meaning and valne of the geometric 
principles considered. 

Every attempt has been made to create and cultivate 
the henristic attitude on the part of the pupil. This has 
been done by the method of initiating the pnpil into 
original work described above, by queries in the coarse 
of proofs, and also at the bottom of different pages, and 
also by occasional queries in the course of tbe test where 
definitions and discussions arc presented. In the writer's 
opinion, the time has not yet come for the purely heuristic 
study of Geometry in most schools, but it is all-important to 
use every means to arouse in the pupil the attitude and 
energy of original investigation in the study of the subject. 

In other respects, the aim has been to depart as little 
as possible from the methods most generally used at 
present in teaching geometry. 

The Practical Applications (Gronps 88-91) have been 
drawn from many sources, but the author wishes to ex- 
press his especial indebtedness to the Committee which has 
collected the Real Applied Problems published from time 
to time in School Science and Mathematics, and of which 
Professor J. F. Millis of the Francis W. Parker School 
of Chicago is the chairman. Page 360 is due almost en- 
tirely to Professor William Beta of the East High School 
of Rochester, N. Y. 

PLETCHBB DURBLL. 

LiWBKBCBTiLLK, N. J., Sept. 1, 1904. 
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TO THE TEACHER 

1, Ik irorking original exercises, one of the chief dif- 
6cultias of papils lies ic their inability to construct the 
figure required and to make the particular ennnciatioD 
from it. Many pupils, who are quite unable to do this 
preliminary work, after it is done can readily discover a 
proof or a solution. In many exercises in this book the 
figure is drawn and the particular enunciation made. It 
is left to the discretion of the teacher to determine for 
what other exercises it is best to do this for pupils. 

2, It is frequently important to give partial aid to thg 
pupil by elicitiug the outline of a proof by questions such 
as the following; "On this figure (or, iu these two tri- 
angles) what angles are equal, and whyt" "What lines 
are equal, and why I" etc. 

3, In many oases it is also helpful to mark in colored 
crayon pairs of equal Hues, or of equal angles. Thus, in 
the figure on p. 37 lines AB and DE may be drawn with 
red crayon, AO and DF with blue, and the angles A and D 
marked by small arcs drawn with green crayon. If 
colored crayons are not at hand, the homologous equal 
parts may be denoted by like symbols placed on them, 
thus: a P 
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In solving theorems concerning proportional lines, it is 
occasionally helpful to denote the lines iu a proportion 
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Ti TO THE TEACHEB 

(either given or to be proved) by fig- 
ures denoting the order in which the 
lines are to be taken. Thus, if OA: 
OC=OD : OB, the relation may be 
indicated as on the figure. 

4. It is sometimes helpfnl to vary 
the symbolism of the book. Thns, in dealing with in- 
equalities a convenient symbol for "angle" ia ^, 

as ^ A > ^ B. 

5. Each pnpil need be required to work only so many 
originals in each group as will give him a mastery of the 
particular method involved. A large number of exercises 
is given in order that the teacher may have many to select 
from and may vary the work with suoeessive classes. 

6. It is important to insist that the solutions of exer- 
cises for the first few weeks he carefully written out; later, 
for many pupils, oral demonstration will be sufficient and 
ground can be covered more rapidly by its nse. 

7. In leading pupils to appreciate the meaning of 
theorems, it is helpful at times to point out that not every 
theorem has for its object the demonstration of a new and 
unexpected trutt (i. e. , not all are "synthetic"), but that 
some theorems are analytic, it being their purpose to re- 
duce an obvious truth to the certain few principles with 
which we start in Geometry. Their function is, therefore, 
to simplify and clarify the subject rather than to extend 
its content. 
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REFERENCES TO PLANE GEOMETRY. 

DEFINITIONS AND FIRST PRINCIPLES. 

41. Parallel lines are lines in the same plane which do 
not meet, however far they be produced. 

GENERAL AXIOMS. 

1. Things which are equal lo the same thing, or to equal 
things, are equal lo each other. 

2. If equals be added to equals, the sums arc equal. 

3. // equals be subtracted from equals, the remainders are 
equal. 

4. Doubles of equals are equal; or, in general, if equals 
be multiplied by equals the products are equal. 

5. Halves of equals are equal; or, in general, if equals be 
divided by equals the quotients are equal. 

6. The whole is equal lo the sum of its parts. 

7. The whole is greater than any of its parts. 

8. A quantity may be substituted for its equal in any 
process. 

9. // equals be added to, or subtracted from, unequals, the 
results are unequal in the same order; if unequals be added 
to unequals in the same order, the results are unequal in that 
order. 

10. Doubles, or halves, of unequals are unequal in the 
same order. 

11. If unequals be subtracted fntm equals, the remainders 
are unequal in the reverse order. 
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Vm REFERENCES TO PLANE GEOMETRY. 

12. //, of three quantities, the first is greater than the. second, 
and the second is greater than the third, then the first is greater 
than the third. 

GEOMETRIC AXIOMS. 

1. Through two given pmnts only one straight line can be 
passed. 

2. A geometric figure may he freely moved in space with- 
out any change in form or size. 

3. Through a given point one straight line and ordy one 
can be drawn parallel to another given straight line. 

Geometric figures which coincide are equal. 

71. At a given point in a straight line but one perpen- 
dicular can be erected to the line. 

76. The complements of tu-o equal angles are equal; the 
supplements of two equal angles are equal. 

76. The sum of all the angles about a point equals four 
right angles. 

BOOK I. 

78. // one straight line intersects another straight line, 
the opposite or vertical angles are equal. 

79. //, from a point in a perpendicular to a given line, 
two oblique lines be drawn cutting off on the given line equal 
segments from the foot of the perpendicular, the Mique lines 
are equal and make equal angles with the perpendicular. 

81. A triangle is a portion of a plane bounded by three 
straight lines. 

92- The sum of any two sides of a triangle is greater than 
the third side. 

94. The perpendicular is the shortest line that can be 
drawn from a given poivi to a given line. 

95. //, from a point within a triangle, two lines be drawn 
to the extremities of one side of tlie triangle, the sum of the 
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REFERENCES TO BOOK I. IX 

other two sides of the triangle is greater than the sum of the 
two lines so dravm. 

96. TiDO triangles are equal if two sides and Ike inchided 
angle of one are equal, respectively, to two sides and the in- 
cluded angle of the other. 

98. Two right triangles are equal if the hypotenuse and an 
acute angle of one are equal to the hypotenuse and. an acute 
angle of the other. 

99. In an isosceles triangle the angles opposite the equal 
sides are equal. 

100. // two angles of a triangle are equal, the sides oppo- 
site are equal, and the triangle is isosceles. 

101. Two triangles are equal if three sides of one are equal 
to three sides of the other, respectively. 

102. Two right triangles are equal if the hypotenuse and 
a leg of one are equal to the hypotenuse and a kg of the othf. 

108. // two sides of a triangle are equal, respectively, to 
two sides of another triangle, but the third side of the first is 
greater than the third side of the second, then the angle opposite 
the third side of the first triangle is greater than the angle oppo- 
site the third side of the second. 

109. Of lines drawn from the same point in a perpen- 
dicular, and cutting off unequal segments from the fool of the 
perpendicular, the more remote is the greater. 

112. I. Every point in the perpendicular bisector of a line 
is equally distant from the extremities of the line; and 

II. Every point not in the perpendicidar bisector is un- 
equally distant from the extremities of the line. 

113, Two points each equidistatU from the extremities of 
a line determine the perpemlicular Mscctor of the line. 

115. The perpenilicutur Insedor of a line is tht- locus of 
all poittis equidistatU from tlie cxtre?nifies of the line. 

120. Parallel lines are lines in the same ]>lane wliiili 
do not meet, however far they be produced. 
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X REFERENCES TO PLANE GEOMETRY. 

121. Two straight lines in (he same plane, perpendicular 
to the same straight line, are parallel. 

122. Two straight lines parallel to a third straight line 
are parallel to each other; 

Lines parallel to parallel lines are parallel; 

Lines perpendicular to parallel lines are parallel; 

Lines perpendicular to noi>rparatlel lines are not parallel. 

128. If a straight line is perpendicular to one of two given 
parallel lines it is perpendicular to the other also. 

125. // two straight lines are cut by a transversal, mak- 
ing the alternate interior angles equal, (he two straight lines 
are parallel. 

127. // two straight lines are cut by a transversal, making 
the exterior interior angles equal, the two straight lines are 



130. Two angles whose sides are parallel, each to each, are 
either equal or supplementary. 

134. The sum of the angles of a triangle is equal to two 
right angles. 

142. Two Tight triangles are equal if a leg and an acute 
angle of one are equal to a leg and Ike homologous acute angle 
o! Ike other. 

147. A parallelogram is a quadrilateral whose opposite 
sides are parallel. 

149. A rhombus is a rhomboid whose sides are equal. 

150. A rectangle ia a parallelogram whose angles arc 
right angles. 

151. A square is a rectangle whose sides arc equal. 

155. The opposite sides of a parallelogram are equal, and 
its opposite angles are also equal. 

156. A diagonal divides a parallehgram into two equal 
Irianr/les. 

157. Parallel lines comprehended between parallel lines are 
equal. 
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REFERENCES TO BOOK II. » 

160. // two aides of a quadrilala-al are equal and parallel, 
the other two sides are equal and parallel and the figure is a 
parallelogram. 

1 62. Two parallelograms are equal if two adjacent sides and 
the included angle of one are equal, respectively, to two adjacent 
sides and the included angle of the other. 

168. Two rectangles which have equal bases and equal 
aUititdes are equal. 

174. In an equiangular polygon of n sides each angle 



176. The sum of the' exterior angles o/ a polygon formed 
by producing its sides in succession equals four right angles. 

176. // three or more parallels intercept equal parts on one 
Iransi'ersal, they intercept equal parts on every transversal. 

177. The line which joins the midpoints of two aides of a 
triangle is parallel to the third side, and is equal to one-half 
the third side. 

178. The line which bisects one side of a triangle and is 
parallel to another side bisects the third side. 

179. The line which joins the midpoints of the legs of a 
trapezoid is parallel to the bases and equal to one-half their 

BOOK II. 

197. A circle is a portion of a plane bounded by a curved 
line, all points of which are equally distant from a point 
within called the center. 

198. A radius of a circle is a straight line drawn from 
the center to any point on the circumference, 

208. Radii of the same circle, or of equal circles, are 
equal. 

216. In the aame circle, or in eaual circles, equal arcs 
subtend equal angles at the center. 
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XU REFERENCES TO PLANE GEOMETRY. 

217. In the same circle, or in equal circles, of two unequal 
central angles the greater angle intercepts the ijreater arc, and, 
conversely, of two unequal arcs, the greater arc subtends the 
greater angle at the center. 

218. In the same circle, or in equal circles, equal chords \ 
siAiend equal arcs. 

219. In the same circle, or in equal circles, equal area are 
subtended by equal cfiords. 

220. In Ike same circle, or in equal circles, the greater 
of two (minor) arcs is subtended by the greater chord; and, 
Conversely, the greater of two chords subtemis the greater 
(minor) arc. 

226. In the same circle, or in equal circles, equal chords 
are equidistant from the center; and, Conversely, chords 
which are equidistant from the center are equal. 

229. A straight line perpendicular to a radius at its ex- 
tremity is tangent to the circle. 

280. The radius drawn to the point of contact is perpen- 
dicular to a tangent to a circle. 

287. The two tangents drawn to a circle from a point out- 
side the circle are equal, and make equal angles with a line 
drawn from the point to the center. 

241. // two circles intersect, their line of centers is per- 
pendicular to their common chord at its middle point. 

253. Properties of Tariables and limits. 

1. The limit of the sum of a number of variables equals 
the sum of the limits of these variables. 

2. The limit of a times a variable equals a times the limit 
of the variable, a being a constant. 

3. The limit of —th part of variable is -th part of the limit 

of the variable, a being a constant. 

254. // two variables are always equal, and each ap- 
proaches a limit, their limits are eriual. 
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RErERENCES TO BOOK III. XUI 

257. The number of degrees in a central angle equcUs the 
number of degrees in the intercepted arc; that is, a central 
angle is measured by its intercepted arc. 

278. From a given point without a given line to draw a 
perpendicular to the line. 

274. At a given point in a given line erect a perpen- 
dicular to that line. 

279. Through a given point without a given straight line 
to draw a line paraUel to a given line. 

286. To circumscribe a circle about a given triangle. 

BOOK HI. 

308. The mean proportional between two quantities is 
equal to the square root of their product. 

305. If the antecedents of a proportion are equal, the con- 
sequents are equal. 

307. // four quantities are in proportion, then are in ■pro- 
portion by alternation ; that is, the first term is to the third as 
the second is to Ike fourth. 

810. If four quantities are in proportion, they are in pro- 
portion by division ; that is, the difference of the first two is to 
the second as the difference of the last two is to the last. 

812. In a aeries of equal ratios, the sum of aU the ante- 
cedents is to the sum of all the consequents as any one ante- 
cedent is to its consequeTii. 

814. Like powers, or like roots, of the terms of a propor- 
tion are in proportion. 

317. A line parallel to one side of a triangle and meeting 
the other two sides, divides these sides proportionally. 

81 8. // a line parallel to the base cut the sides of a triangle, 
a side is to a segment of that side as the other side is to Ike cor- 
responding segment of the second side, 

321. Similar polygons are polygons having their ho. 
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XIV REFERENCES TO PLANE GEOMETRY. 

mologoua angles equal and their homologous sides propor- 
tional. 

323. // iiw triangles are mutually equiangular, they are 
similar. 

826. // tiDO triangles have their homologous sides propor- 
tional they are similar. 

327. // two triangles have an angle of one equal to an aitgle 
of the other, and the including sides proportional, the triangks 
are similar. 

328. // tivo triangles have their sides parallel, or perpen^ 
dicular, each to each, the triangles are similar. 

829. If two polygons are similar, they may be separated 
into the same number of triangles, similar, each to eaeh, and 
similarly placed. 

342. In a right triangle, 

I. The altitude to 'he hypotenuse is a m^an proportional 
between the segments of the hypotenuse; 

II. Each leg is a m^an proportional between the hypote- 
nuse and the segment of the hypotenuse adjacent to the given 
leg. 

848- The perpendicular to the diameter from any point 
in the circumference of a circle is a mean proportional between 
the segments of the diameter; and the chord joining the point 
to an extremity of the diameter is a mean proportional be- 
tween the diameter and the segment of the diameter adjacent to 
the chord. 

846. In a right triangle, the square of the hypotenuse is 
equal to the sum of the squares of the legs. 

347. In a right triangle, the square of either leg is equal 
to the square of the hypotenuse minus the square of the other 
leg. 

351. // the square on the side of a triangle equals the sum 
of the squares on the other two sideSj the angle opposite the first 
side is a right angle. 



DiqiiiicdbvGoogIc 



REFEHENCES TO BOOK IV. XV 

352. //, in any triangle, a median be dravm lo one side, 

I. The sum of the squares of the other two sides is equal 
to twice the square of half the given side, increased by tvnce 
Ike square of the median upon that side; and 

II. The difference of the squares of the other two sides is 
equal to twice the product of the given side by the projedion 
of the median upon thai side. 



S83. The area of a rectangle is equal to the product of its 
base by its altitude. 

385. The area of a parallelogram is equal to the product 
of its base by its altitude. 

389. The area of a triangle is equal to one-half the prod- 
uct of its base by its altifudp. 

890. Triangles which have equal bases and equal aUt- 
ludes (or which have equal bases and their vertices in a line 
parallel to the base) are equivalent. 

891- Triangles which have equal bases are to each other as 
their altitudes; 

Triangles which have equal attitudes are to each other as 
their bases. 

892. Any tu>o triangles are lo each other as the products 
of their bases and altitudes. 

397. // two triangles have an angle of one equal to an 
angle of the other, their areas are to each other as the products 
of the sides including the equal angles. 

398. The areas of any two similar triangles are to each 
other as the squares of any two homologous sides. 

399. The areas of two similar polygons are to eatA other 
as the squares of any two homologous sides. 
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Rl'^'ERRNCRS TO PLANE GBOSfETRY. 



BOOK V. 
444. Formula for the circumference in terms of the 



radius. 



C"2)rfl. 



449- The area of a circle is equal to one-half the product 
of its circumference by its radius. 

486. Two points symmetrical with respect to a line or 
axis are points such that the straight line joining them ia 
bisected by the given line at right angles, 

487- A figure symmetrical with respect to an axis Is a 
figure such that each point in the one part of ' the figure has 
a point in the other part symmetrical to the given point, 
with respect to an axis. 

489. Two points symmetrical with respect to a point or 
center are points such that the straight line joinii^ them is 
bisected by the point or center. 

490. A figure symmetrical with respect to a point or 
center is a figure such that each point in the figure has an- 
other point in the figui-e symmetrical to the given point with 
respect to the center. 
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SYMBOLS AND ABBREVIATIONS 



+ plus, or increased Vg. 


Ad). . 


.a4iaeent. 


~ mmw, or diminished by. 


Alt. . 


. alternate. 




Art. . 


.article. 


-+- divided by. 


Ai. . . 


.axUm. 


= egiials; is {or are) equal to. 


Conatr. 


. constrMtioa, 




Cor. . 


. corollan/. 




Def. . 


. definition. 


> U (or are) greater thar,. 


Ex. . . 


. KCerciae. 


< is (or are) less than. 


Ext. . 


. exterior. 


.: therefore. 


Fig. . 


.figure. 




Hyp. . 


. hypothesis. 




Meat. 


. identity. 


i perpendieularti. 


Int. . 


. interior. 


II parallel, or, is paralUl to. 


POBt. . 




II, )^rallels. 


Prop. . 


. proposition. 


Z, i angle, angles 


Rt. . . 


. right. 


A, &. triangle, triangles. 


Sug. . 






Snp. . 


. Bupplementary 


O, © circle, circles. 


St. . . 


. straight. 



4. E. D. qaod erat demonstrandum; that ia, which was to 

proved. 
<!. E. Y, qaod erat faciendum; that in, which was tu be made. 



A few other abbreviations 
their meaning indicated later i 



ind Sfmbols will be introduced and 
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SOLID GEOMETRY 

Book VI 

LINES, PLANES AND ANGLES IN SPACE 

DBFINITIONS AND PIKST PBIHCIPLES 

497. Solid Geometry treats of the properties of space of 
three dimenBioQS. 

Many of tbs properties o( space of three dimensiong are determined 
by use of the plane and of the properties of plane fibres already 
obtained in Plana Oeometrj. 

498. A plane is a etirface each that, if aoy two points 
in it be joined by a straight line, the line lies wholly in the 
surface. 

499. A plane Is determined by given points or lines, if 
no other plane can pass through the given points or lines 
without coincidiDg with the given plane. 

500. Fundamental property of a plane in space. A 
plane is determined by any three points not in a straight line. 

For, if through a line con- ,o 

necting two given points, A 
aud B, a plane be passed, the 
plane, if rotated, can pass 
through a third given point, 
O, in but one position. ■" 

Tbe importance of the above prinoiple is seen from the fact that it 
reduces an unlimited aurfaoe to three points, thus makiuf; a vast 
economy to the attention. It also enables as to connect difierent 
planes, and treat of their properties Bystematieally, 
(319) 
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320 BOOK VI. SOLID GEOMETHT 

601. Other modes of detennining a plane. Aplanemaf 
also be determined by any equivalent of three points not ia 
a straight line, as by 

a straight line and a point oiUside the line; or by 
two intersecting straight lines; or by 
two parallel straight lines. 

It is often more oonyonieiit to use one of these latter mathods of 
d«t«nniniDg a plane than to reduce the data to three pointc and aie 
Art. &00. 

602. Representation of a plane in geometric figures. In 
•'ertsoniug concerning the plane, it is often an advantage 
to have the plane represented in all directions. Hence, in 
drawing a geometric fignre, a plane is nsnally represented 
to the eye by a small parallelogram. 

This is Tirtaallj a doable use of two intereeeting lines, or of two 
paralld lines, to determine a plane (Art. SOI). 

603. Postulate of Solid Geometry- The principle of 
Art. 499 may also be stated as a postalate, .thns: 

Through any three points not in a straight line (or their 
equivalent) a plane may be passed. 

604. The foot of a line is the point in which the line 
intersects a given plane. 

605. A straight line perpendicular to a plane is a line 
perpendicular to every line in the plane drawn through its 
foot. 

A straight line perpendicular to a plane is sometimes called a nontuU 
lo the plane. 
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506. A parallel straight line and plane are a line and 
plane which cannot meet, however far they be produced. 

607. Baiallel planes are planes which cannot meet, 
however far they be prodnced. 

608. Properties of planes inferred Immediately. 

1. A straight line, not in a give^i plane, can intersect the 
given plane in but one point. 

For, if the line intersect the given plane in two or more 
points, by definition of a plane, the line mnst lie in the 
plane. Art. 49S. 

2. The intersection of two planes is a straight line. 
For, if two points common to the two planes be joined 

by a straight line, this line lies in each plane (Art. 498) ; 
and no other point can be common to the two planes, for, 
through a straight line and a point outside of -k only one 
plane can be passed. Art. 50i. 



Ex. 1. Give an example of a plane surface; ot a curved surface; 
of a surface, part plane and part carved; of a sarfaoe oomposed of 
different plane surfaces. 

Sx. 2. Fonr points, not all in the same plane determine bow 
many different planes t how many different straight lioeH I 

Ez, 3. Three parallel straight lines, not in the same plana, deter- 
mine how many different planes T 

Ex. 4. Four parallel straight liaescaadetermiue bow many differ- 
ent planes T 

Ex. 5. Two intersecting straight lines and a point, not in their 
plane, determine how many different planes 1 
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Pboposition I. Theorem 

509. If a straight line is perpendicular to each of tuio 
other straight lines at their point of intersection, it is per- 
pendicular to the plane of those lines. 



\ °^ \ 



Givea AB X lines BC and BD, and the plane MN' pass- 
ing through BC and BJ>. 

To prove AB L plane MN. 

Proof. Throngh B draw BG, any other line in the plane 
MX. 

Draw any convenient line CD intersecting BO, BO and 
BD in the points 0, O and D, reBpectively. 
Prodnee the line AB to F, making BF=AB. 
Connect the points C, Q, D with A, and also with F. 
Then, in the ^ ACD and FCD, CD = CD, Went. 

AC=CF, and AI>=DF. Art. 112. 

.-. AACI)=AFCD. (Whyt) 

.-. LACD= I FCD. (WhyT) 

Then, in the A ACG and FCQ, CO=CG, (Whyi) 

AC=CF, and Z At'tf = ZFCO. (WhyT) 

.-. A ACG = A FCG. (Why!) 
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.-. AO=GF. CWhyt) 

.'. B and are each equidistaDt from the points A and F, 

:. BG is JL AF; that is, AB X BG. Art. 113. 

.-. AB X plane MN, Art. 505. 

(/or (I ts X any line, BQ, in fAe plane Jf^, fAtvu^h tb/ooi). 

«. I. B. 

Proposition II. Theobem 

510. All the perpendiculars that can be drawn to a 
given line at a given point in the line lie in a plane perpen- 
dicular to the line at the given point. 



^ 



-<ri\, 



Given the plane JW and the line 5C both X line ^S at 
the point B. 

To prove that BO lies in the plane MN. 

Proof. Pass a plane AF through the intersecting lines 

AB and BC. Art. S03. 

This plane will iatereect the plane MN in a straight 

line BF. Art. 508, 2. 

Bnt AB X plarie M2f (Hyp.) .-. AB X BF. Art. 606. 

Also AB X BO. Hyp. 

.-. in the plane AF, BO and BF X AB at B. 

:. BO and b!p coincide. Art. 71. 

Bat BF is in the plane M2f. 

.: BO must be in the plane MN, 
{for BC coinckte with BF, which lies mlhepkme M2f). 

Q. S.P. 
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S 1 1 . CoR. 1. At a given point B in the straight line AB, 
to construct a plane perpendicular to the line AB. Pass a 
plane JJ" through AB in any convenient direction, and in 
the plane AF at the point B coustrnct BF ± AB (Art. 
274). Pass another plane through AB, and in it construct 
BP ± AB. Through the lines 
BF and BP pass the plane 
Ml\r (Art. 503). MN is the 
required plane (Art. 509). 



\ J^-i 



■^^. 



512. CoR. 2. Through a 
given external point, P, to pass 
a plane perpendicular to a 

given line, AB. Pass a plane through AB and P (Art. 
503), and in this plane draw PB X AB (Art. 273). Pass 
another plane through AB, as AF, and in AF draw BF ± 
AB at B (Art. 274). Pass a plane through BP and BF 
(Art. 503). ThiB will be the plane required (Art. 509). 

. 513. Gob. 3. Through a given point but one plane can 
be passed perpendicular to a given line. 



Ex. 1. Five poinlB, no four of which are in the eame plane, deter- 
mine how many different planes I how many different straight lines T 

Ex. 2. A straight line and two pointB, not all of which ore in the 
same plane, determine how many different planes T 

Ex. 8. In the flgnre, p. 322, prove that the triangles GAD and 
6DF are equal. 

Ex. 4. In the same figure, if AB^B and BC=6, And FO. 
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PjiOPosmoN III. Problem ' 

614. At a given point in a plane, to erect a perpendicu- 
lar to the plane. 



■rf 



Given the point A in plane Mlf, 

To construct a line perpendicular to M2f at the point A. 

Construction. Through the point A draw any line CD in 
the plane ifJV. 

Also through the point A pass the plane FQ ± CD 
(Art. Gil), intersecting the plane MN in the line JfiS. Art. B08, 2. 

In the plane PQ draw AK ± line E3 at A. Art. 274. 

Then AK is the ± required. 



CD X plane PQ. 


CoDHtr. 


.: CD L AK. 


Art. GOO. 


Ji AK 1. CD. 




AK X BS. 


Constr. 


:. AK 1 plane MX. 


Art. 609. 

«. 1. r. 



615. Cob. At a given point in a plane but one perpen- 
dicular to the plane can be drawn. For, if two Ji could be 
drawn at the given point, a plane could be passed through 
tiiem intersecting the given plane. Then the two Ji would 
be in the new plane and ± to the same line (the line of 
intersection of the two planes, Art. 005), which is im- 
possible (Art. 71). 
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Pboposition IV. Problem > 

616. From a given point without a plane, to draw a line 
perpendicHlar to the plane. 
A 






Given the plane MN and the point A external to it. 

To construct from A a Hue X plane MN. 

ConstrnctioQ. In the plane MS draw any convenient 
line BO. Pass a plane through BO and A {Art. 503), and 
m this plane draw AD ± BO. Art. 273. 

In the plane MN draw LB ± BC. Art. 274. 

Pass a plane through AD and LD (Art. 503), and in 
that plane draw AL ± LD. Art. 273. 

Then AL is the ± required. 

Proof. Take any point C in BO except D, and draw LO 
and AC. 

Then &, ADO, ADD and LDO &re right A. Constr. 

•■. Jc'=Zd^ + D<?. Art. 400. 

.-. 7?' = XL^+iD^+'OC^.Art.400,Ai.e. 
.-. JO^ = Xt* + iO^. Art. 400, Ai. 8. 

.-. Z A £(7 is a right I. Art. 351. 

But AL X LD. Constr. 

.'. AL X MN. Art. 500. 

fl. I. r. 

517. €oK. Bm( one perpendicular can be drawn from a 
given external point to a given plane. 
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Pboposttion V. Tbeobgu • ' 

518. I. Oblique lines drawn from a point to a plane, 
meeting the plane at equal distances from the foot of the 
perpendicular, are equal; 

II. Of two oblique lines drawn fr&m a point to a plane, 
but meeting the plane at unequal distances from the foot of 
the perpmdieular, the more remote is the greater. 




Given AB ± plane MN, BD=BG, and BH > BO. 
To prove AD=AO, and AR > AC. 
Proof. I. In the right ^ ABD and ABO, 

AB=AB, and BD=BO. (Whyf) 

.-. AABD=£^ABC. (Why?) 

.-, AD=AC. (Whyt) 

n. On BH take BF=BO, and draw AF. 

Then AF= AC (t»i part of theorem just proved). 

Bat AH> AF. (Whyt) 

.-. AH > AC. Ai. 8. 

Q. I. D. 

■ 519. Cob. 1. Conversely: Equal oblique lines drawn 
from a point to a plane meet the plane at equal distances 
from the foot of the perpendicular drawn from the same point 
to the plane; and, of two unequal lines so drawn, the greater 
line mefts the plane at the greater distance from the foot of 
the perpendicular. 
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520. Cor. 2. Tlie locus of a point in space equidistant 
from all the points in the ctrcufuference of a circle is a 
straight line passing through the center of the circle and 
perpendicular to its plane. 

521. Cob. 3. The perpendicular is the shortest line that 
can be drawn from a given point to a given plane. 

522. Def. The distance from a point to a plane ia the 
perpendicular drawn from the point to the plane. 

Proposition VI. Theorem 
528. If from the foot of a perpendicular to a plane a 
line he drawn at right angles to any line in the plane, the line 
drawn from the point of intersection so formed to any point in 
the perpendicular, is perpendicular to the line of the plane. 




Given AB ± plane My, and BF X CD. any line in MN. 
To prore AF ± CD. 

Proof. On CD take FP and FQ equal segmentB. 
Draw^P, BP,AQ,BQ. 

Then BP=BQ. Art. 112, 

Henee AP=AQ. Art. 518. 

.'. in the line AF, the point A is eqnidistant from P 
and Q, and F \a equidistant from P and Q. 

.: AF ± CD. (Wbyt) 

Q. I. B. 

Ex. In the above figure, i( AB=e, AF=6, and AQ=1(}, find QF, 
BF &nd £Q. 
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Proposition VII, Theorem 

524. Two straight lines perpendicular to the s 
re parallel. 



ziri 



Given tbe lines AB and CD X plane M2f. 
To prove AB \\ CD. 

Proof. Draw BD, and through D, in the plane Hty, 
draw Fff X BD. 



Draw AD. 






Then 


BD X FE. 


CoDBtr 




AD L^FH. 


Art. 523 




CD ± FH. 


Art. 505 



.-. BD, AD and CD are all X FH at the point D. 

.*. BD, AD and CD all lie in tbe same plane. Art. sio. 

.". AB and (7D are in the same plan-i. (Why ') 

Bnt AB and CD are X BD, Art. 505. 

.-. AB and OD are ||. Art. 121. 



525. Cob. 1. If one of two parallel lines is perpendicu- 
lar to a plane, the other is perpendicular to the plane also. 

For, if AB and CD be II. and AB X 
plane PQ, a line drawn from C X PQ 
must be || AB. Art. 524. 

But CD most coincide with the line ^T 
BO drawn (Art. 47, 3); .-. CD X PQ. ^ 
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526. Cob. 2. If two straight lines are each parallel to 
a third straight line, they are parallel to each other. For, 
if a plane be drawn X. to the third line, each of the two 
other lines must be X to it (Art. 525), and therefore be || 
to each other (Art. 524). 



PBOPOsmON Vlir. Theorem 

627. I/a straight line external to a given plane is paral- 
lel to a line in the plane, then the first line isparallel to the 
given plane. 




Given the straight line AB || line CD in the plane MN. 

To prove AB \\ plane Mlf. 

Pn)of. Pass a plane throngh the || lines AB and CD, 

If AB meets MN it must meet it in the line CD. 

But AB and CD cannot meet, for they are ||, Art. 120. 

.". AB and MIf eanaot meet and are parallel. Art. 506. 

<}. E. 9. 

S2S. Cob, 1. If a straight line is parallel to a plane, 
the intersection of Ike plane with any plane passing through 
the given line is parallel to the given line, 
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529. Cor. 2. Through a given line ^ ^ 

(CD) to pass a plane parallel to another £, 

given line (AB). ^..jr^:^.^^^^^^ — B 

Through P, any point in CD, draw ^^ 

QE II AB (Art. 279) . Through CD and 
QS pass a plane (Art. 503). This will be the plane 
required (Art. 527). 

If AB and CD are not parallel, but one plane can be 
drawn through OD\\AB. 



PjtoposmoN IX. Theobem 

580. Two planes perpendicular to the same straight line 
are parallel. 



Gives the planes MN and PQ ± line AB. 
To prove MN \\ PQ. 

Proof. If Jlf^ and PQ are not parallel, on being pro* 
duced they will meet. 

We shall then have two planes drawn fi-om a point per- 

pendtealar to a given line, which is impossible. Art. S13. 

.-. MN and PQ are parallel. Art. 507. 
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Pboposition X. Theorem 
581. J/ two parallel planes are cut by a tkird plan^ the 
intersections are parallel lines. 




Given MN' and PQ two || planes intersected by the plan* 
RS in the lines AS and CD. 

To prove AB \\ CD. 

Proof. AB and CD He in the same plane R8. 
Also AB and CD cannot meet; for it they did meet 
the planes MN and PQ would meet, which is impossible. 

Art. 507. 
.'. AB and CD are parallel. Art. 41. 

Q. Z. D. 

532. Cor. 1. Parallel lines included betteeen parallel 
planes are equal. For, if AC and BD are two parallel lines, 
a plane may he passed through them (Art. 503), intersect- 
ing MN and PQ in the || lines AB and CD. Art. 531. 
.■. ABDO is a parallelogram. Art. 147. 
.-. AC=BD. Art. 156. 
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588. CoE. 2. Tko parallel planes are everymhe 
distant. 

For lines X to one of them are || (Art. 524). 
the segments of these lines ineladed between the I 
are eqnal (Art. 532). 



Hence 
planes 



0.. 



Proposition SI. > Tbeorem 



684. 1/ two intersecting lines are each parallel to a given 
plane, the plane of these lines is parallel to the given plane. 



*r 5^ IT 



\ 




Given the lines AB and CD. each jl plane PQ, and inter- 
secting in the point F; and MK a plane tbroagh AB and 
CD. 

To prove MJST || PQ. 

Proo*. Prom the point F draw FS X PQ. 
Pass a plane throngh FC and FH, intersecting PQ in 
BK; also pass a plane throngh FB and FB, intersecting 
PQ in BL. 

HK II FG, and BL \\ FB. 

FB 1. BK had HL. 
:. FB ± FC and FB. 
.'. FB i My. 
.: MN II PQ. 



Then 
But 



Art. S26. 
Art. &09. 
Art. 123. 
Art. 509. 
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Proposition XII. Theorem 



-' 586. A straight line perpendicular to one of two parallel 
planes is perpendicular to the other also. 



\ 



\ 



Given the plane MN \\ plane PQ, and ^J? ± PQ. 

To prove AB X M2i^. 

Proof. Through AB pass a plane intersecting PQ and 
MN in the lines BC and AF, respectively; also thi-ongh 
AB pass another plane intersecting PQ and MN in BJ> and 
AH, respectively. 

Then BC II AF, and BD \\ AS. Art. 531. 

But AB X BC and BD. Art. BOB. 

.-. AB X AF and .dff. Art. 123. 

.-. AB X plane MN. Art. 508. 

0. X. n. 

586. Cob. 1. TArouf/A a given point to pass a plane 
parallel to a given plane. 

Let the pupil supply the construction. 

537. Cob. 2. Through a given point but one plane can 
be passed parallel to a given plane. 
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Proposition XIII. Theobeu ^ 

S38. If two angles not in the same plane have their . 
corresponding sides parallel and extending in the same direc- 
tion, the angles are equal and their planes are parallel. 




Given the ZBAO in the plane MN. and the IB'A'C 
in the plane PQ; AB and A'B" || and exteuding in the 
same direction; and AO and A'C || and extending in the 
name direction. > 

To prove ^BAC = ZB'A'C, and plane MN || plane Pg. 

Proof. Take AB=A'B', and AG=A'0'. 

Draw AA', BB', CC, BC, B'C. 

Then ABB' A' is a Z3' , Art. iw. 

{/or AB andA*Bf are=and || ). 

.-. BB" and AA' are=and IK Art. I55. 
In like manner CC and A A' are = and \\. 

:. BB' and GC are=and ||. (WhyT) 

.'. HCGB' is a C7 , and BC=B'a. (WhrT) 

.-, A ABC=^A'B'C. (WhyT) 

.-. lA =LA'. <Whyt) 

Abo AB II A'&, :. AB 11 plane PQ. Art, 627. 

Similariy AC II plane PQ. 

:. plane UN \\ plane PQ. Art 634. 
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1^ Proposition XIV. Theorem 

589. 1} two straight lines are intersected by three paral- 
lel planes;^^ the corresponding segments of these lines are 
proportional. 



X 



X 



EF 



Given the straight lines AB and CD intersected by the 
II planes MN, PQ^and BS in the points A, F, B, and 
S, B, respeetively. 

To prove 



AF^ 
FB 



OS 
ED 



Proof. Draw the line AD intersecting the plane PQ in G. 

Draw FO, SB, OS, AO. 

Then FO II BD, and OH II AO. Art. ssi. 

■■■¥B-fD 



■ FB ED 



(Why I) 
Q. K. D. 



Ex. I. In above Qgrare, it AF=2, FB=5> and Ca=3, find CD. 
Bz 2. UCa=3, MD=i, and AB-10, &ni AF a.ai BF. 



3,„i,i=dbvGoogIe 



DIHEDRAL ANGLES 337 

DIHEDSAL ANGLES 

540. A dihedral oi^le is the opeoing between two in- 
tersectinfT planes. 

From certain points of view, a dihedral angle tnajr be regarded as 
ft wedge or aliae of epaoe cnt ont by the planes forming the dihedral 
angle. 

541. The faces of a dihedral angle are the planes form* 
ing the dihedral angle. 

The edge of a dihedral angle is the straight line in which 
the faces intersect. 

542. Naming dihedral an- 
gles. A dihedral angle may be 
named, or denoted, by naming 
its edge, as the dihedral angle 
AB; or bynamingfourpoints, 
two on the edge and one on 
each face, those on the edge 
coming between the points on 
the faces, as P-AB-Q. The 

latter method is necessary in naming two or more dihedral 
angles which have a common edge. 

643. Equal dihedral angles are dihedral angles which 
can be made to coincide. 

544. Adjacent dihedral angles are dihedral angles hav- 
ing the same edge and a face between them in common. 

545. Vertical dihedral angles are two dihedral angles 
having the same edge, and the faces of one the prolonga- 
tions of the faces in the other. 

546. A right dihedral angle is one of two equal adja- 
cent dihedral angles formed by two planes. 
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547. A plane per- 
pendicolar to a given 
plane is a plane form- 
ing a right dihedral 
angle with the given 
plane. 

Many of the properties of dihedral angles are obtained 
most conveniently by using a plane angle to represent the 
dihedral angle. 



R 



548. The plane angle of a dihedral an- 
gle is the angle formed by two lines drawn '. 
one in each face, perpendicular to the edge 
at the same point. 

Thus, in the dihedral angle C~AB~F, 
if PQ is a line in the face AD perpendicn- 
lar to the edge AB at P, and PR is a line 
in face AF perpendicular to the edge AB 
at P, the angle QPB is the plane angle of the dihedral 
angle 0-AB-F. 

549. Property of plane angles of a dihedral angle. 

The magnitude of the plane angle of a dihedral angle is 
the same at every point of the edge. For let EAC be the 
plane Z of the dihedral Z E-AS~D at the point A. 
Then PR || AE, and PQ || AC (Art. lai.) 
.-. ZSPQ = lEAG (Art. 538). 

550. The projection of a point upon a plane is the foot of 
a perpendicular drawn from the point to the plane. 

A 

551. The projection of a line 
npoo a plane is the locus of the pro- j 
jeetions of all the points of the line 
on the plane. Thus A'B' is the 
projection of AB on the plane MN. 



\4^^' \ 
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X Proposition XV. Theorem 

552. Two dihedral angles are equal if their plane angles 
are equal. 



Giveu ZDBF the plane Z of the dihedral Z(hAB-F, 
HyB'F the plane Z of the dihedral /LG-A'S'-P, aod 
I DBF = L TVB'P. 

To prove I (hAB-V = I U-A'W-F. 

Proof. Apply the dihedral I C'-A'B'-F' to Z O-AB-F 
80 that / jyB'J* coincides with its equal, IDBF. 

Geom. Ax. 2. 
Then line A'B' must coincide with AB, Art.515. 

(/or A'B' ana AB are both ± plane DBF at the point it). 

Hence the plane A'B'iy will coincide with plane ABD, 

Art. SOI. 

{thr<»igh tmo intersecting lines only one plane can be passed). 

Also the plane A'B'F' will coincide with the plane ABF, 
:. Z O-A'B'-F coincides with Z 0-AB-F and is equal 

to it. Art. 47. 

Q. Z. D. 

553. Cob. The vertical dihedral angles formed hy two 
intersecting planes are equal. 

In like manner, many other properties of plane ang:les 
are true of dihedral angles. 
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y" Proposition XVI. Theorem 

554. Two dihedral angles have the same ratio as their 
plane angles. 



Ghrea the dihedral A C-AB-D and C-A'B'-iy baving 
the plane i CAD and CA'iy, respectively. 

To prove ^ C-A'B'-iy -. Z C-AB-D = Z C'A'iy -. 
/.CAD. 

Case I. When the plane A C'A'D' and CAD (Fics. 2 
and 1), are commenswrable. 

Proof. Find a common measure of the A CA'jy and 
CAD, as ZCAK, and let it be contained in ZCA'D' n 
times, and in Z CAD m times. 

Then I C'A'D" : Z CAD = n ; m. 

Through A'B' and the lines of division of Z C'A'D" pass 
planes, and through AB and the lines of division of 
Z GAD pass planes. These planes will divide the dihedral 
Za-A'B'-D' into M, and Z C-AB-D into m parts, nil 
equal. Art. 552. 

.-. ZC-A'S'-D" : ZC-AB-D=n:m. 

Hence Z C'-A'B'-V t Z C-AB-D = Z C'A'D' -. ZCAD. 

(Whyl) 
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Case II. When the plane angles CA'iy and CAD (Figs, 
3 and 1) are incommensurable. 

Proof. Divide the Z CAD into any nnmber of equal 
parts, and apply one of these parts to the ZCA'D'. It 
■will be contained a certain nnmber of times with a remain- 
der, as ZLA'iy, leas than the unit of measure. 

Henee the S CA'L and CAD are commensurable. 

,;^C'~A'B'-L:ZO-AB~D=/.CA'L:ZCAD.c^l- 

If now we let the unit of measure be indefinitely dimin- 
iahed, the Z LA'D', which is less than the unit of measure, 
will be indefinitely diminished. 

.-. / CA'L i Z CA'D- as a limit, and 

Z C—A'B'-L= Z G'—A'B'—D' as a limit. Art. 251. 

Hence - . ■ ^ ■— .-l, -- -. - becomes a variable, with 

ZU-A'B'-D' ., ,. ., 



I CAD 
limit. 

But the variable 
always. 



Ex. 1. How many straight lines are necessary to indicate a dihe- 
dral angle (as lE-AB-D, p. 338)T Hon many straight lines are 
necessary to indicate the plane angle of a dihedral angle f Hence, 
what is the advantage of using a plane angle of a dihedral anglo 
instead of the dihedral angle itself f 

Gz. 2. Give three additional properties of dihedral angles anal- 
ogons to properties of plane angles gives in Book I> 



DiqiiiicdbvGoogle 



342 BOOK VI. SOLID GEOMETBY 

X Proposition XVII. Theobeh 

555. If a straight line is perpendicular to a plane, every 
plan* drawn through thai line is perpendicular to the plane. 



-^ 






Given the line AB X plane MST, and the plane PQ 
passing: through AB and intersecting M2f in RQ. 

To prove PQ ± Mlf. 

Proof. In the plane MN draw BC 1 BQ at B. 

But AB L RQ. Art. 505. 

.'. Z ABO is the plane Z of the dihedral ^P-RQ-Af. 
Art. 548. 
But ZABG is a right Z. , Art. 505. 

(MAB± Mybyhgp.). 



. PQ ± MN. 



Art. 647. 
Q. B. 9. 



656. Cob. A plane perpendicular to the edge of a 
dihedral angle is perpendicular to each of the tteo faces form- 
ing the dihedral angle. 
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Proposition XVIII. Theorem 

667. If two planes are perpendicular to each other, a 
straight line drawn in one of them perpendicular to their 
line of intersection is perpendicular to the other plane. 



\ 



\ 



Given the plane PQ ± plane MN and iatersectine it in 
the line RQ; and AB a line in PQ ± BQ. 
To prove AB ± plane MN. 

Proof. In the plane MN draw BC X RQ. 
:, ZABOia the plane Z of the dihedral ^P-RQ-M. 
Art. G4S. 
.-. ^ ABC is a. Tt. ly Art. 554. 

{^f<yrF-R<i-M.i»aTigUaihedral l). 
:. AB ± BC and RQ at their intersection. 

.-. AB X plane MN. (Why?) 

Q. I. D. 

668. Cob. 1. If two planes are perpendicular to each 
other, a perpendicular to one of them at any paint of their 
intersection will lie in the other plane. 

For, in the above figure, a X erected at the point B in 
the plane MN must coincide with AB lying in the plane 
PQ and X MN, for at a given point in a plane only one X 
can be drawn to that plane (Art. 515). 

559. CoK. 2. If two planes are perpendicular to each 
other, a perpendicular to one plane, from a point in the other 
plane, will lie in the other plane. 
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\' Pboposition XIX. Theobeh 

660. If ivBO intersecting planes are each perpendicular 
to a third plane^ their line of intersection is perpendicular 
to the third plane. 




Giren the planes PQ aad B8 ± plane MN, and inter- 
Becting in the line AB. 



To prove 



AB L plane MN. 



Proof. At the point B in which the three planea meet 
erect a _L to the plane J/^. This J. must lie iu the plane PQ, 
and also in the plane JtS. ■*■■"'■ "8- 

Hence this X must coincide with AB, the intersection 
of PQ and £8. Art. 608, 2. 

.-. AB X plane MN. 

Q. E. D. 

S61. Cob. If two planes, including a right dihedral 
angle, are each perpendicular to a third plane, the intersec- 
tion of any two of the planes is perpendicular to the third 
plane, and each of the three lines of intersection is perpen- 
dicular to the other two. 

Ex. 1. Nune all the dihedral aDglea on the above fi^ui'e. 

Kz. 2. U ZCBQ=30'', find the ratio of each pair ol diliedral A. 
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Proposition XX. Theorem 

562. Every point tn the plane which bisects a given 
dihedral angle is equidistant from the faces of the dihedral 
angle. 




GiTen plane CB bisecting the dihedral lA-BB-D, P 
any point in plane BG, PQ and PT 1 faces BA and BD, 
respectively. 

To prove PQ=PT. 

Proof. Through PQ and FT pass a plane intersecting: 
AB in QB, BD in BT.and BC in PR. 

Then plane PQT X planes AB and BD. Art. 65S. 

.'. plane PQT X line RB, the intersection of the planes 

' AB and BD. Art. 560. 

.-. RS X RQ, RP and RT. Art. 505. 

.-. A QRP and PHT are the plane A of the dihedral 

A A-BR-P and P-SB-D. Art. 548. 

But these dihedral A are eqnal. Hyp. 

.-. Z e«P= Z PBT. Art. 554. 

.-. rt.A PQR=H. A PRT. (Whyl) 

.-. PG=Pr. (Why!) 

Q. B. B. 

563. TA* locus of all points equidistant from the fares 
of a dihedral angle is the plane bisecting the dihedral angle. 
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PBOPOsmoN XXI. Phoblem 



564. Through any straight line not perpendicular to 
given plane, to pass a plane perpendicular to the given plat 



Given the line AB not X plane Mlf. 

To construct a plane passing throngh AB and X My. 

ConBtmction. From a point A in the line AB draw a X 
AC to the plane UN. Art. 516. 

Throngh the intersecting lines AB and AC pass the 
plane AD. ' Art. 603. 

Then AD is the plane required. 

Proof. The plane AD passes through AB. 

Also plane AD X plane MN, 

(for it amtaint AC, tchick is ± MX). 



Art. 055. 
Q. 1. P. 



565. Cor. 1. Through a straight line not perpendicular 
to a given plane only one plane can be passed perpendicu- 
lar to that plane. 

For, if two planes conld be passed through AB X plane 
MN, this intersection AB would be X M2f (Art. 560), 
which is contrary to the hypothesis. 

666. Cob. 2. The projection upon a plane of a straight 
line not perpendicular to that plane is a straight line. 

For, if a plane he passed through the given line X to 
the given plane, the foot of a X from any point in the 
line to the given plane will be in the interseetion of the 
two planes (Art. 559). 
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Proposition XXII. Theorem 

567. The acute angle wkich a line makes with ih pro- 
jection on a plane is the least angle uiMch it makes with any 
line of the plane through its foot. 




Given line AB meeting the plane MN in the point B, 
SO the projection of AB on MN, and PB any other line 
in the plane MN through B. 

To prove that lABO is less than /iABP. 

Proof. Lay off PB equal to OB, and draw AO and AP. 

Then, in the A ABC and ABP, 

AB=AB. (WhyT) 

BO=BP. (Why!) 

Bat AC < AP. Art. 621. 

.-. ZJBC is less than £ABP Art. 108. 

H.t.v. 
568. Def. The Inclination of a Une to a plane is the 
acute angle which the given line makes with its projection 
■ upon the given plane. 

Bz. 1. A plane bas ui inollnfttion of 47° to each of tba fftces of ■ 
diliedral «ngla and is parallel to iLe edge of the dihedral angle; hovr 
many decrees are in the plane angle of tbe dihedral angle? 

Ex. 2. In the figure on page 345, If PT=QT, hon large is the 
dihedral ^ A-BR-Dl if PT-QT. how large ia itt 
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Proposition XXIII. Problem 



569. To draw a common perpendicular to any. t 
•ot in the same plane. 




Given the lines AB and CD not in the same plane. ' 
To construct a line perpendicular to both AB and OD. 
Construction. Tlirough AB pasa a plane MN'W line CD. 

Art.B». 
Through CD pass a plane CF ± plane M2f {Art. 564), and 
intersecting plane MN in the line EF. 

Then EF\\ CD (Art. 528), .-. EF must intersect AB 
(which is not 11 CB by hyp.) in some point K. 

At K in the plane CF draw LK 1 BF. Art. 274. 

Then LK is the perpendicular required. 

Proof. LK X EF. Constr. 

.-. LK X CD. Art. 123. 

Also LK X plane Jfff^. Art. 657. 

.'. LK X line AB. {Why f) 

.-. iff X both OD and 4B. 

♦ ■. F. 

570. On^y one perpendicular can be drawn between two 
lines not in the same plane. 

For, if possible, in the above fi^re let another line BD 
be drawn X AB and CD. Then, if a line be drawn through 
B II CD, BD X this line (Art. 123), and .-. X plane MN 
(Art. 509). Draw DF X line EF; then DF X plane MN 
(Art. 557). Hence from the point D two 1, i>Band DF, 
are drawn to the plane MN, which is impossible (Art. 517). 
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V 



POLYHEDRAL ANGLES 

571. A polyliedral angle is the amoniit 
of opening betweeu three or more planes 
meeting at a point. 

' Such an angle may be regarded as a portion of 
apace cut out \>j the planes forming the angle. 

572. The vertex of a polyhedral angle 

is the point in which the planes forming the angle meet; the 
edges are the lines in which the planes intersect; the faces 
•are the portions of the planes forming the polyhedral angle 
which are included between the edges; the face angles are 
the angles formed by the edges. 

Bach two adjacent faces of a polyhedral angle form a 
dihedral angle. 

The parts of a polyhedral angle are its face angles and 
dihedral angles taken together. 

573. Naming a polyhedral angle. A polyhedral angle 
is named either by naming the vertex, as V; or by naming 
the vertex and a point on each edge, as V-ABO. 

In case two or more polyhedral angles have the same 
vertex, the latter method is necessary. 

In the above polyhedral angle, the vertex is V; the 
edges are VA, VB, VC; the face angles 
otbAVB, bvc, Arc. 

S74i. A convex polyhedral angle is a 
polyhedral angle in which a section 
made by a plane cutting all the edges 
is a convex polygon, as V-ABCDE. 

575. A trihedral angle is a polyhe- 
dral angle having three faces; a tetrahedral angle is one 
having four faces, ete. 
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576. A trihedral angle is rectangular, birectangular, or 
trirectangiilar, accordiag as it contains one, two, or three 
right dihedral angles. 

577. Ad Isosceles trihedral angle is a trihedral angle 
two of whose face angles are eqnal. 



578. Vertical polyhedral angles are polyhedral angles 
having the same vertex and the faces of one the faces of 
the other prodnced. 



579. Two equal polyhe- 
dral angles are polyhedral an- 
gles having their correspond- 
ing parts equal and arranged 
in the same order, as V-ABG 
and V-A'B'C. 

Two equal polyhedral angles 
may be made to coincide. . 

580. Two symmetrical poly- 
hedral angles are polyhedral an- 
gles having their corresponding 
parts equal but arranged in 
reverse order. 

II tba lacea of a trihedral aDf;U, F-ABC, be 
produced, tfaey will lorm a vertical trihedral angle, 
V-A'B'C, which iB STmmetrical to V-ABC. For, 
ir V-A'B'C be rotated lorward about a horizontal 
axis tbrough V, the two trihedral anftlea are seen 
to have their corresponding parts eqnal but ar- 
ranged in reverse order. 

Similarlj, any two vertical polyhedral angles 
are Bymmetrical. 
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581. Equlvaleace of synunetrical polyhedral angles. It 
has been shown in Plane Geometry (Art. 488) that two 
triangles (or poIyKons) symmetrical with respect to an 
axis have their corresponding parts equal and arranged 
in reverse order. By sliding 
two such figores abont in a plane 
they cannot be made to coincide, 
bat by lifting one o( them up 

from the plane in which it lies and turning it over it may 
be made to coincide with the other figure. 

Symmetrical polyhedral angles, however, cannot be 
made to coincide in any way; hence some indirect method 
of showing their equivalence is necessary. See Ex. 29, 
p. 358, and Arts. 789-792. 



Ex. 1. Name the trihedral angles on the figure to Prop. XX. it 
IFBQ=^90'', vrhat kind of trihedral angles are those on the figure r 
If lPBQ=ZfS°, what kind are theyt 

Ex. 2. Are two trireetangular trihedral v>k'B" neaesHarilj equal f 
Prove tJiiB. 

Ex. 8. Are two liueB which are perpendicular to the same plane 
neeeBsarily parallel t Are two planes which are perpendicular to the 
same plane neceasarily parallel T Are two planes which are perpen- 
dienlar to the aatne line necessarily parallel t 

Ex. 4. Let the pupil out out three pieces of pasteboard of the form 
indicated in the accompanying figares; out them half through where 
the lines are dotted; fold them and fasten the edges so s^ to form 
three trihedral angles, two of which (Figs. 1 and 2) shsil be equal 
and two (Figs. 1 and 3) aymmetrieal. By experiment, let the pupil 
find which pair may be made to ooineide, and which not. i 
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Proposition XXIV. Theorem 

582. The sum of any two face angles of a trihedral 
angle is greater than the third face angle. 




Given the trihedral angle S-ABC, with angle ASC its 
greatest face angle. 

To prove ^J5B + ZBSO greater than ZASC. 
Proof. In the face ASC draw SO, making IASD= 
ZA8B. 

Take SD=SB. 

In the face ASC draw the line ADC in any convenient 
direction, and draw AB and BC. 

Then, in the i ASB and ASD, SA = SA. 
8B=SD, and ZASB= LA8D. 
:. AASB=AASD. 
:. AB=AD. 
Also AB^- BG> AC. 

Hence, snbtracting the equals AB and AD. 

BC > DC. (Whyt) 

Hence, in the A BSG and DSC, SC=SC, 8B=8D, and 

BC > DC. (WhjT) 

.■, / B8C is greater than Z DSC. Art. 108. 

To each of these nneqnals add the equals Z.A8B and 

I ASD. 

:. AASB-V / B«C is greater than I ASC. (WhyT) 

0. B. B. 

Bx. In the above figure, if 6 ASC equals one of tbe otber face 
Uiglee at 5, as ^ASB, bow h fb^ theorem proved t 



(Why?) 
(Why») 

(WhyJ) 
(Whyt) 
(WhyT) 
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Proposition XXV. Theobem 

588. The sum of the face angles of any convex polyhedral 
angle is less than four right angles. 




Given the polyhedral angle S-ABODE. 

To prove the sum of the face A &i 8 less than 4 rt. .< . 

Proof. Pass a plane cutting the edges of the given poly- 
hedral angle in the points A, B, 0, D, Ml. 

Prom any point in the polygon ABCDE draw OA 
OB, OC, OD, OE. 

Denote the &. having the common vertex S as the ;8 A, 
and those having the common vertex as the A. 

Then the sum of the A of the S A = the sum of A of 
the i. Art, 134. 

But I SB A + Z SBG is greater than Z ABC, 1 
Z SCB + Z SOD is greater than ^BCi>, etc./ 

.'. the snm of the base A of the 8 ^ > the snm of the 

base A of the A. Az. 9. 

. -. the sum of the vertex A of the S A. < the snm of 

the vertex A of the &, Ai. 11. 

(if unequati be subCracCed from eqttals, Cbe remainders are unequal 

But the snm of the A at 0=4 rt. A . (Why I) 

.*. the sum of face i< at iS < 4 rt. ^ . Az. 8. 

Q. I. B. 
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Proposition XXVI. Theojikm 

584. If two trihedral angles have the three face angles 
of one equal to the three face angles of the other, the tri- 
hedral angles have their corresponding dihedral angles equal, 
and are either equal or symmetrical, according as their 
corresponding face angles are arranged in the same or t» 
reverse order. 




Given the trihedral A S-ABC and S'-A'B'C, having 
the face A A8B. ASCanA B«C equal to the face A A'S'B', 
A'8'C and B'8'C', respectively. 

To prove that the corresponding dihedral A of 8-ABC 
and S'-A'B'C are equal, and that A S~ABC and *"- 
A'B'C are either equal or symmetrical. 

Proof. On the edges of the trihedral A take 8A, SB, 
SC, 8'A', 8'W, 8'C all equal. 

Draw AB, AC, BC. A'B', A'C, B'C. 

, 8B= 

(Why t) 

.-. A ASB = A A'8'W. (Why?) 

.-. AB = A'B'. (Whyf) 

2. In like manner AC=A'C, and BO=B'C. 

:. A ABC=^i\ A'B'O'. (Why I) 



Then, 1. In the A ASB and A'&B', 8A = 
B'B', and IA8B= IA'8'B'. 
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3. Take J? a convenient point in SA, and draw DE in 
the face A8B, and DF in the (ace A8C, each X SA. 

BE and DF meet AB and AO in points E and f, 

respectively, ,, , 

^ '' {for A SAB ana SAC are aoate). 

Similarly, take S'D'=SB and construct A B'ET. 

Then, in the rt. A ABE and A'B'W, AD=A'B', and 

Z BAE= VA'E'. (Why T) 

.-. A Ai>E= A A'B'W. (Why t) 

.-. j1B=J'E', and DE=B'E'. (Whji) 

4. In like manner it maybe shown that AF=A'F', and 
BF=D'F'. 

.: A AEF= A ^'i/'F'. (Why !) 

And EF=B'F> (Why t) 

5. Henee, in the A BEF and B'E'F', BE=B'E', BF 
= lyF* and EF= E'F. (Why r) 

.-. A BEF=A lyE'P. (Whyt) 

.-. Z.EBF= lE'jyF'. (WhyT) 

But these A are the plane A of the dihedral A whose 
edges are 5^1 and S'A'. 

.-.dihedral ZB-JS-C=dihedral IB'-A'8'-C' Art. 552. 

In like manner it may be shown that the dihedral A at 
SB and S'B' are equal; and that those at 80 and S'G are 
equal. 

.'. the trihedral A 8 and 8' are either equal or sym- 
metrical. Ajt"- 579, 580. 

«. 1. D. 
EXIROISEB. OROUP •« 

THEOREMS CONCERNING THE LINE AND PLANE IN SPACE 
Ex. \. A segmeot of a line oot parallel to & plane is loogsF than 

its projection in the plane, 

Ex. 2. Equal straight lines dranu from B point to a plftue are 

equ&IIj incliaed to the plane. 
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Ex. S. A line and plane perpendicular to the same pUne are 
parallel. 

Bx. 4. II three plaaea Intersecting in three straight lines ar« 
perpendicular to a plane, their lines of InterBeetion are parallel. 

Ex. 6. If a plane bieects any line at right 
angles, any point in the plana is equidistant 
from the ends of the line. 

Ex. 6. Given AB J. plane MS, 
and AC 1 plane Jf5; 
prove BC ± SB. 
Ex. 7. Given PQ X plane Mfi, 
FB J. plane BL, 
and RS ± plane MN; 
prove QS ± AB. 
Ex. 8. If a line is perpendicntar to one 
of two intersecting planee, its projection 
on the other plane is perpendicniar to the 
line of intersection of the two planes. 
Ex. fi. Given CE X DE, 
AE i DB, 
and I C-AD~E a rt. dihedral Z ; 
prove CA L plane DAE. 

Ex. 10. The projections of two parallel lines 
a plane are parallel. (Is the converse of tbi 
theorem also true T) 

Ex. 11. If two parallel planes are cut by two non-parallel planes, 
the two lines of intersection in each of the parallel planes will make 
equal angles. 

Ex. 12. If a line is perpendicular to a plane, any plane parallel 
to the line is perpeudieular to the plane. (Is the converse tcueT) 

Ex. 13. In the figure to Prop. VI, given AB X MN and AF X 
DC; prove BF X DC. 

Ex. 14. Two planes parallel to a third plane are parallel to each 
[Sua. l>raw a line X third plane.] 
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Bs. IS. The projeotioDS upon a plane ol two equal and p&rallel 
straight liaes &r6 equal and parallel. 

Ei. IS. A line parallel to two planes Is parallel to their inter- 
section. 

Ex. 17. In the figure to Prop. XXII, if angle CBP is obtase, 
prove the angle ABP obtnse. 

Ex. IS. In a quadrilateral in space (i. e., a 
quadri lateral whose vertices are not all in the 
same plane), show that the lipee joining the 
midpoints of the sides form a parallelogram. 

Ez. 19. The lines joining the midpainte of 
the opposite sides of a quadrilateral in spaoe bisect each other. 

Ex. 20. The planes hisecting the dihedral angles of a trihedral 
angle meet in a line ever^ point of which ia equidistant from th« 
three faces. 

[Sua. See Art. 562.] 

Ex.21. Given OQ bisecting ZA05, 
PQ J. plane BOS, 
QB 1 OB, 
and (is ± OS; 
prore PB= PS, PB L OB, 
and PS J. OS. 

Ex. 22. In a plane bisecting a given plane angle, and perpendicu- 
lar to its plane, everj point is equidistant from the sides of the angle. 

[SCO. See Ex. 21 ; or through P any point in the bisecting plane 
pass planes J. to the sides of the ^ , etc.] 

Ex. 23. In a trihedral angle, the three planes bisecting the three 
face angles at right angles to their respective planes, intersect in a line 
every point of which is equidistant from the three edges of the tri- 
hedral angle. 

Ex. 24. If two face angles of a trihedral angle are eqnal, the dihe- 
dral angles opposite them are equal. 

Ex. 26. Id the figure to Prop. XSIV, prove that ^ASC+ £BSC 
is greater than Z ASD + ^ BSD. 

Ex. 26. The common perpendicular t« two lines in space is the 
aiiortest line between them. 
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'^H3. 



— v' 




Ex. 27. Oiven MH || B8, 
and PB = yh; 

prove Z-ABCr^ £ahc, 
snd A ABC c A a6c. 

Ex. 28. Two isoeoeles symmetrical 
trihedral angles are eqtial. 

Ex. 29. Any two ayminetriaal trihe- 
dral aogleii are equivalent. 

[Sua. Take SA, SB, SC, SA', 
S'f, f'C, all equal. PaBsplaoes XBC, 
A'^ff. Draw SO and S'O' ± 
planes. Then the tribedral . 
divided into three pairs of isoscelei 
■ymnietriCBl trihedral A, etc.] 



, V EXKROIftU. QROUP SB 

LOCI IN SPACE 
Find the Iocds of a point equidistant from 

Ex. 1. Two parallel planes. Ex. 3. Three given points. 

Ex. 2. Two given points. Ex. 4. Two intersecting lines. < 

Ex. S. The three faces of a trihedral angle. 

Ex. 6. The three edges of a trihedral angle. 
Find the locus 

Ex. 7. Of all tinea passing through a given point and parallel to 
a ft'^en plane. 

Ex. 8. Ot all lines perpeudiealar to a given Una at a given point 
in the line. 

Ex. 9. Of all points in a given plane equidistant from a given 
point ontaide the plane. 

Ex. 10. Of all points equidistant from two given points and from 
two parallel planes. 

Ex. 11. Ot all points equidistant from two given points and fiom 
two intersecting planes. 

Ex. 12. Of all points at a given distance from a given plane and 
•quidistant from two interaecting lines. 



3,„i,i=dbvGoogIe 



EXBECI8ES OK THE LINE AND PLANE i{59 

EXKRCIBEB. GROUP M 

PROBLEMS CONCERNING THE POINT, LINE AND PLANE 

IN SPACE 

Ex. 1. Throagh a given point past! a plane parallel to a given 
plane. 

Ex. 2. Throngh a given point pasa a plane perpendloolar to a 
given plane. 

Ex. S. Tbrongh a given point to construct a plane parallel to two 
^ven lines wliich are not in the same plane. 

Prove that only one plane can be constructed fulfilling Ihe given 
conditiona. 

Bx. 4. Bisect a given dihedral angle. 

Bx. 6. Draw a plane eqaallf inclined to three linei whieb meet at 

Ex. 6. Through a given point draw a line parallel to two given 
intersecting planea. 

Ex. 7. Find a point In a plane such that lines drawn to it from 
two given points without the plane make equal angles with the plane. 

[Sua. See Ex. 23, p. 176.] 

Bx. 8. Find a point In a given line equidistant from two given 

Bx. S. Find apoint in a plane equidistant from three given points. 
Bz. 10. Find a point equidistant from four given points not In a 

Ex. 11. Through a given point draw a line which ahall interseet 
two given lines. 

[Sua. Pass a plane through tbe given point and one of the given 
Itnea, and pass another plane throngh the given point and the other 
given line, etc.] 

Bx. 12. Throngh a given point paes a plane cutting the edges of 
a tetrahedral angle so that the section shall be a parallelogram. 

[Sua. Prodnce each pair of opposite faces to int«Tseet in a 
■traigbt line, ete.] 
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POLYHEDRONS 

585. A polyhedron is a solid bounded by planea. 

586. The faces of a polyhe- 
dron are its bounding planes; the 
edges of a polyhedron are the lines 
of intersection of its faces. 

A diagonal of a polyhedron ia 
a straight line joining two of its 
Tertices which are not in the 
same face. The vertices of a poly- poijhodroo 

hedron are the poirits in which its 
edges meet or intersect. 

587. A convex polyhedron is a polyhedron in which a 
section made by any plaue ia a coiives polygon. 

Only ooDvex polyhedrons are to be considered in thiB book. 

588. Classification of polyhedron. Polyhedrons are 
sometimes classified according to the nnmber of their 
faces. Thus, a tetrahedron is a polyhedron of four faces; 
a hexahedron is a polyhedron of six faces; an octahedron 
is one of eight, a dodecahedron one of twelve, and aa 
icosahedion one of twenty faces. 



Sttnhedron Onbe Octahedmii Dodecahsdcon Icoaahedron 

(360) 
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The polyhedrons moat important in practical life are those deter- 
mined by their stability, the facility with which they can be made ont 
of common materials, as wood and Iron, the readiness with which 
they can be packed together, etc. Thus, prism means "something 
sawed oB." 

PRISMS AHD PAKALLBtOPIPKDS 

589. A prism is a polyhedron bounded 
by two parallel thanes and a group of 
planes whose lines of intersection are 
parallel. 

590. The bases of a prism are the 
faces formed by the two parallel planes; — 
the lateral faces are Ihe faces formed by 

the group of planes whose lines of intersection are parallel. 

The altitude of a prism is the perpendicular distance 
between the planes of its bases. 

The lateral area of a prism is the sum of the areas of the 
lateral faces. 

591. Properties of a prism inferred immediately. 

1. The lateral edges of a prism are equal, for they are 
parallel lines included between parallel planes (Art. 589) 
and are therefore equal {Art. 532). 

3. The lateral faces of a prism are parallelograms (Art, 
160), for their sides formed by the lateral edges are equal 
and parallel. 

3. The bases of a prism are equal polygons, for their 
homologous eides are equal and parallel, each to each, 
(being opposite sides of a parallelogram), and their homol- 
ogous angles are equal (Art. 538). 

592. A right section of a prism is a section made by a 
plane perpendicular to the lateral edges. 
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698. A triangular prism is a prism whose base is 8 
triangle ; a quadrangular prism is one whose base is 
a quadrilateral, etc. 



Obllane PrianiH Right Prism RcEnlir Fiiaa 

594. An oblique prtem is a ptism whose lateral edges 
are oblique to the bases. 

595. A tight prtem is a prism whose 
lateral edges are perpendicular to the bases, 

596. A regular prism is a rig'ht prism 
whose bases are regular polygons. 

597. A truncated prism is that part of 
a prism included between a base and a 
section made by a plane aUMrmato tlie 

base and cutting all the lateral edges. TmautodFriHa 

598. A parallelopiped is a prism whose bases are paral- 
lelograms. 

Hence, all the faces of a paralhloptped are parallelograms. 



699. A right parallelopiped is a parallelopiped whose 
lateral edgeb are perpendicular to the baseg, 
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600. A rectangular parallelopiped is a right parallelo- 
piped whose bases are rectangles. 

Hence, all the faces of a rectangular parallelopiped are 

rectangles. 

601. A cube isa rectangular parallelopiped whose edges 
are all equal. 

Hence, all the faces of a cube are squares. 

602. The unit of volume is a cube whose edge is equal 

to some linear unit, as a cubic inch, a cubic foot, etc. "^"WMiv* 

608. The volume of a solid is the number of units of 
volume which the solid contains. 

Being a. number, a Tolunie ma? often be determined from other 
nnmbers in certain expeditions wa;H, vrbioh it is one of the objeota of 
geometry to determine. 

604. Equivalent solids are solids whose volumes are 
equal. 



Ex. 2. A Hquftre right prism is what kind of a parallelopiped t 

Ex. S. Are tbere more rigrht parallelopipeds or rectangular paral- 
lelopipeds t That is, which of these includes the other as & special 

Ex. 4. Prove that it a given straight line is perpendionlar to a 
given plane, and another straight line is perpendicular to another 
plane, and the two planes are parallel, then the two given lines ore 
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O Proposition I. Theorem 

606. Sections of a prism made bj/ parallel planes cutting 
all the lateral edges are equal polygons. 




Given the prism PQ cut by |[ planes formiag the sections 
AD and A'ly. 

To prove section Ji>=seetion A'ly. 

Proof. AB, BC, CD, etc., are || A'B', B'O, CD', etc., 
respectively. Art. 531. 

.-. AB, BO, CD, etc., are equal to A'B', B'C, CD, 
etc., respectively. Art. 157. 

Also A ABC, BCD, etc., are equal to A A' B'C, B't'D', 

etc., respectively. Art. 538. 

:. ABCDE=A'B'OD'E', _ Art. 47. 

(for the poiygont have all their parts equal, each to each, and .'. can be 

made to coincide). 

1). E. D. 

606. Cor. 1. Every section of a prism made by a plane 
parallel to the base is equal to the base. 

607. Cob. 2. All right sections of a prism are equal. 
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Proposition II. Theobem 

608. The lateral area of a prism is equal to the product 
of the perimeter of a right section by a lateral edge. 




Given the prism BQ, with its lateral area denoted by 8 
and lateral edge by E; and AD, a right section of the given 
prism with its perimeter denoted by P. 
To prove 8=PX E. 

Proof. In the prism BQ, each lateral edge = B. Art. 691,1. 
Also AB A. OH, BC X U, etc. Art. 505. 

Hence iiXf)B.CJ BB=AB X QS=AB X e\ 

are&ni OJ=BdxE, \ Art. ass. 

area CD IQ =GI>y.E, etc. J 

Bnt 8, the lateral area of the prism, equals the sum of 
the areas of the CU forming the lateral surface. 

.-. adding, 8= {AB ^-BC-\-CD + etc. ) X E. Ax. 2. 
Or 8=PXE. 

Q. X. D. 

609. Coa. The lateral area of a right prism equals the 
product of the perimeter of the base by the altitude, 

Ez. Find the lateral area of a rieht prism whose altitude la 12 in., 
and whose base is hq equilateral tnacgle with a side of 6 in. Also 
flod the total area of this figure. 
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/O Proposition III. Theorem 

t 610. If two prisms have tJie three faces including a 

trihedral angle of one equal, respectively, to the three faces 
including a trihedral angle of the other, and similarly 
placed, the prisma are equal. 



Given the prisms AJ and A'J', having the faces AK, 
AD, AQ equal to the faces A'K', A'ly, A'Q', respectively, 
and similarly placed. 

To prove AJ^A'J'. 

Proof. The face A. EAF, EAB and BAF are equal, 

respectively, to the face A E'A'F', E'A'B' and R'A'P. Hyp. 

.*. trihedral Z J. = trihedral A A' ' Art. 5S4. 

Apply the prism A'J' to the prism AJ, making each of 
the faces of the trihedral A A' coincide with correspondiugr 
equal face of the trihedral AA. Oeom.Ax.2. 

.*. the plane F'J' will coincide in position with the 
plane FJ, Art.soo. 

{for thepomU &, F, E! coincide aith O, F, K, respectively). 
Also the point O will coincide with the point G. 

:. Cfl'will take the direction of Cff. Geom.As.3. 
,■. W will coincide with E. Art. 508, l. 

In like manner J' will coincide with J. 
Hence the prisms AJ and A'J' coincide in all points. 

.-. AJ=A'J. Art. 47. 

61i. Cob. 1. Two truncated prisms are equal if the 
three faces including a trihedral angle of one are equal to 
the three faces including a trihedral angle of the other. 
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612. Cor. 2. Two right prisms are equal if they have 
egiMl bases and equal altitudes. 

Proposition IV. Theorem 

613. -1» oblique prism is equivalent to a right prism 
whose base is a right section of the oblique prism and whose 
altitude is equal to a lateral edge of the oblique prism. 



\^^- 



Given the oblique prism Aiy, with the right section FJ; 
also the right prism FJ' whose lateral edges are each equal 
to a lateral edge of Aiy. 

To prove Aiy ^ FJ'. 

Proof. AA' = FF. Hyp. 

Sabtraeting FA' from each of these, AF=A'F. (Whyt) 
Similarly BG^B'O'. 

Also AB = A'B', and FG=FO'. Art. 155. 

And A of face j46f = homologous A oit&eeA'G'. Art,i30. 
.-. face AG = face A'&, Art. 47. 

{/or (ftey hopfl all (Aeir iparts equal, each to each, and .'. can te made 
to coiacide). 
In like manner face jlff'=face A'K'. 
But face A/)=faee A'i)'. Art. 591, 3. 

.■. truncated prism jltjr=tnincated prism A'J'. Art. 611. 
To each of these equals add the solid Fly. 

;,Aiy^FJ'. (Whyt) 

4- & P. . 
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Proposition V. Theorem 



614. The opposite lateral faces of a parol lelopiped are 
egual and parallel. 




Gireo the parallelopiped AS with the base AC. 
To prove A6=&nd || £H. and AJ= and || BE. 
Proof. The base AC is a ZZ7 . Art. 598. 

/. AB=aad II EC. (Why*) 

Also the lateral face AJ is a €y . Art. 591, 2, 

.-. AF=anA \\ EJ. (Whjl) 

.-. IBAF= Z GEJ. Art.538. 

And CD AG= CD EH. Art. 162. 

Also plane AO II plane EH. Art. 53S. 

In like manner it may be shown that AJ and BH are 

eqnal and parallel. 

«. E. ». 

615. Cob. Any two opposite faces of a parallelopiped 
may be taken as the bases. 

Bz. 1. How man; eigea has & parallelopiped t How manj faces T 
How many dihedral angles T How many trihedral aDgles T 

Ex. 2. Find the lateral area of a prism whose lateral edge is 10 
and whose right section is a triangle whose sides are 6, 7, 6 in. 

Ex. 3. Find tbe lateral area of a right prism whose lateral edge is 
16 And wbose hv,K i^ a rbpmbnf with dia^nala of Q Mtd 8 in- 
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Proposition VI. Theorem 

616. A plane- passed through two diagonally opposite 
edges of a parallelopiped divides the parallelepiped into ttco 
equivalent triangular prisms. 




Given the parallelopiped AH with a plane passed through 
the diagonally opposite edges AF and OH, forming the tri- 
angular prisms ABChQ and ADO-K. 

To prove ABC-O^ADO-K. 

Proof. Constract a plane ± to one of the edges of the 
prism forming the right section PQRS, having the diagonal 
PB formed by the intersection of the plane FHCA. 

Then ' PQ II 8B, and QR \\ PS. {Why t) 

:. PQRS is& ni . (Why T) 

" .-. A PQR= A PSR. (Why t) 

Bnt the triangular prism ABO-G o a prism whose base 
is the right section PQR and whose altitude iaAF. Art. 613. 

Also the triangular prism ADO-K *> a prism whose base 
is the right section PSR and whose altitude is AF. (WhyT) 

But the prisms having the equal bases, PQR and PSR, 
and the same altitude, AF, are equal. Art.6i2. 

.-. ABC-0 o ADC-K. Ai 1. 

Q. ■■ O. 
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Proposition VII, Theoeem 

617. If two rectangular parallelopipeds have equal bases, 
they are to each other aa their altitudes. 




Given the rectangular parallelopipeds P' and P having 
equal bases and the altitudes A'B' and AB. 

To prove P' : P=^A'B' : AB. 

Case I. When the altitudes A'B' and AB are com- 
mensurable. 

Procrf. Find a common measure of A'B' and AB, as 
AE, and let it be contained in A'B' n times and ia AB m 
times. 

Then A'B' : AB = n -. m. 

Through the points of division of A'B' and AB pass 
planes parallel to the bases. 

These planes will divide P' into n, and P into m small 
rectaQguIar parallelopipeds, all equal. Art. 61^. 

.-. P* ; P=« : m. 
:. P' : P=A'B' : AB. (Why ') 

Case II. When the altitudes A'B' and AB are incom- 
mensurable. 

Let the pupil supply the proof, usiug the method of 
limits. (See Art. 554). 

618. Def. The dimensions of a rectangular paralleled 
piped are the three edges which meet at one vertex. 
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619. Cor. ^ two rectangular parallelopipeds have two 
dimensions in common, they are to each other as their third 
dimensions. 

Proposition VIII. Theobeh 

620. Two rectangular parallelopipeds having eqaal alti- 
iudes are to each other as their bases. 




Then 



Given the rectangular parallelopipeds P and P' having 
the common altitude a, and the dimensions of their bases 
b, c and b', c', respectively, 

_ P bXc 

Proof. Construct the rectangular parallelopiped, Q, whose 
altitude is a and the dimensions of whose base are b and c'. 
P f 

^=-r Art. 619. 

Q c' 

Also ^=^- (WhyT) 

Multiplying the corresponding members of these 
equalities, 

P bXc . . 

621. Cor, Two rectangular parallelopipeds having one 
dimension in common are to each othsr as the products of the 
other two dimemiont. 
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PnoposiTioN IX. Theorem 

622. Any two rectangular paralleJojnpeds are to each 
other as the products of their three dimensions. 



f 



Given the rectaugalar parallelopipeds P and P' having 
the dimensions a, b, c and «', b', c', respectively. 
P aXbXc 

^"P^"" P=^ a'Xb'Xc' 

Proof. Construct the rectangular parallelopiped Q hav- 
ing the dimensions a, b, c'. 

Then ^=3- Art. 619. 

Multiplying the corresponding members of these 
equalities, 

P aXbXc 





Find the 


P" a 


Xb'Xe' 


two reetangu 


Ai. 4. 

0- E. D. 


Bz. 1 


ratio of the volumes of 




pipeda wboae edgea 


are 5, C, 7 i 


a. md 7, 8 


9 in. 




Ex. 2 


Wbich T 


Fill bold more, a bin 


10i2i7 ft. 


or one Sx 


4 1 5 ft. T 












Ex. 8 


Hoir tD&u; bricka 8 x 


4x2iu. are 


necessary to 


build a wall 


SOxGtt. 


xfiin. 1 
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Proposition X. Tueobeh 

623. The volume of a rectangular parallelopiped is equal 
to the product of its three dimensions. 



Given the rectangrnlar parallelopiped P having the three 
dimensions a, b, c. 

To prove volume of P=a XbXc. 

Proof. Take as the unit of volume the cnbe XT, whoEO 
edge is a linear unit. 

F aXbXc .^ „. 

^^^•^ ^=rxTxi- ^■'''- . 

The volume of P is the number of times P contains the 
p 
unit of volume U, or — • Art. 603. 

.■. volume of P=a X 6 X c. 

Q. B. D. 

For significance of this result, see Art. 2. 

624. Cor. 1. The volume of a cube is the cube of its 
edge. 

625. Cob. 2. The volume of a rectangular parallelo- 
piped is equal to the product of its base by its altitude. 



Ex. 1. Find tbe Dumber ot cubic iDches in the Tolume of a cabe 
whose edge is 1 tt. 3 iu. Bon men; bushels does this box contain, il 
1 buahel=2150.43cu. iu. T 

Ex. 2. Tbe measarement of tLe volume if a cube reducei to the 
meaaoTement of the length of what siiigle straight line t 
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Proposition XI. Theorem 

626. The volume of any parallelopiped is equal to the 
product of its base by tts altitude. 




Given the oblique parallelopiped P, with its base denoted 
by B, and its altitude by B. 

To prove volume of P=B X H. 

PnH)f. In P produce the edge CD and nil the edgea 
parallel to CD, 

On CD produeed take F6 = CD. 

Pass planes through F and Q X the produced edges, 
forming the parallelopiped Q, with the rectangular base 
denoted by B'. 

Similarly produce the edge 01 and all the edges || 61. 

Tate IK= 61, and pass planes through I and K L the 
edges last produced, forming the rectangular parallelopiped 
B, with its base denoted by B". 



Then 


PogoiS. 


Art. 613 


Also 


Bt,B' = B'. 


Art.3g6 


Bnt 


volume of fi=-B"XS. 


Art. 625 




,-. volume of P=-B"X J. 


Ai. 1 


Or 


volume of P=-BXff. 


Ai. 8. 
S.I. I. 



[Outline Proof . P^g^Ii=B" XS=BXE.} 
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627. The volume of a triangular prism is equal to the 
product of its base by its altitude. 




Given the triangular prism PQR-M, with its volume 
denoted by V, area of base by B, and altitude by H. 

To prove y=BXff. 

Proof. Upon the edges PQ, QR, QM, construct th« 
parallelopiped QK. 

Hence QK= twice PQR-M. Art. 616. 

But volume of QK= area PQRT X H. Art. 620. 

= 2BXn. Ai. 8. 

.*. twice volume FQR-M=2B X H. Ai. l. 

/. volume PQB-M=BX H. Ax. 5. 



Bs. 1. If tbe altitude of a triangular priata is IS in., and the base 
Is a right triangle whose lega are 6 and S In., find the volume. 

Bz. 2' Find tbe volume of a triangnlar prism nhoae altitude is 21, 
and the edges of whose base are 7, 6, 9. Also find the total surface. 
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o pROposiTjoN XIII. Theorem 

628. The volume of any prism is equal to the product of 
its base by its altitude. 




Given tbe prism AK, vith its volame denoted by F, 
area of base by B, and altitude by H. 

To prove F=BXff. 

Proof. Through any lateral edge, as AF, and the diag- 
onals of the base, AC and Ai>, drawn from its foot, pass 
'planes. 

These planes will divide tbe prism into triangular 
prisms. 

Then F, the volume of tbe prism AK, eqnals tbe sum 
of tbe volumes of the triangular prisms. Ax. 6. 

But the volume of each triangular prism=its base X H. 

Hence the sum of the volumes of the A prisms = the 
snm of the bases of the A prisms X H. 

= BXn. Ax. 8. 

.-. r=BXH. Ai. 1. 

629. Cob. 1. Tko prisms are to each other as the pro- 
ducts of their bases by their altitudes; prisms having equiva- 
lent bases and equal altitudes are equivalent. 

6S0. Cor. 2. Prisms having equivalent bases are to 
each other as their altitudes; prisms having equal altitudes 
are to each other as their bases. 
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631. A pyramid is a polyhedron 
Iwiinded by a group of planes poEsiiig 
through a commoQ point, and by another 
plane catting all the planes of the group. 

682. The base of a pyramid is the 
face formed by the cutting plane; the 
lateral faces are the faces formed by the 
group of planea passing through a com- 
mon point; the vertex is the common point through which 
the group of planes passes; the lateral edges are the inter- 
sections of the lateral faces. 

The altitude of a pyramid is the perpendicular from the 
vertex to the plane of the base. 

The lateral area is the sum of the areas of the lateral 



688. Properties of pyramids inferred immediately. 

1. The lateral faces of a pyramid are triangles (Art. 
508,2). 

2. The hose of a pyramid is a polygon (Art. 508, 2). 

684. A triangular pyramid is a pyramid whose base is 
a triangle; a quadrangular pyramid is a pyramid whose 
base is a quadrilateral, etc. 

A triangular pyramid ib also called a tetrahedron, for it hat Umt 
taatB. All these faces are trianglea, and any one of them may be 
taken as the baae. 

685. A regular pyramid £\ M. 

is a pjrramid whose base is a /'/' k /J^k 

regular polygon, and the foot /'-'m ^ /)P'^ 

of whose altitude coincides /.^/---BflK^ ^-^--■A; 

with the center of the base. ^—^—^^^^\M^. J^ 
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636. Properties of a regular pyramid inferred immedi- 
ately. 

1. The lateral edges of a regular pyramid are equal, tor 
they are oblique lines drawn from a point to a plane 
cutting off equal distances from the foot of the per- 
pendicular from the point to the plane (Art. 518). 

2. The lateral faces of a regular pyramid are equal isos- 
celes triangles. 

6S7. The slant height of a regular pyramid is the alti- 
tude of any one of its lateral faces. 

The aiia of a regular pyramid is its altitude, 

63S. A truncated pyramid is the portion of a pyramid 
included between the base and a section cutting all the 
lateral edges. 

639. A frustum of a pyramid i 
part of a pyramid inelnded between the 
base and a place parallel to the base. 

The altitude of a frustum of a pyramid is 
the perpendicular distance between the planes of its bases. 

640. Properties of a frustum ot a pyramid inferred im- 
mediately. 

1. The lateral faces of a frustum of a pyramid are 

trapezoids. 

2. The lateral faces of a frustum of a regular pyramid 
are equal isosceles trapezoids. 

641. The slant height of the frustum of a regular pyra- 
mid is the altitude of one of its lateral faces. 



m 



Ex. 1. Show that the foot of the altitude ot a regular pyramid 
coincideH with the center ot the circle circumscribed about the baee. 

Ex. 2. The perimeter of the midBection of the fraetum ot a pyra- 
mid equals oae-ball the sum ot the p^ripieteTS ol the baaea. 
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Proposition XIY. Theorem 

642. The lateral area of a regular pyramid is equal to 
half the product of the slant height by the perimeter of the 
bate. 




Glveo 0- ABGDF a regular pyramid with its lateral 
nrea denoted by 8, slant height by L, and perimeter of its 
base by P. 

To prove 8=1 LY. P. 

Proof. The lateral faces OAB, OBO, etc., ar« equal 
isoscelee A. Art. 636, 2. 

Hence each lateral face has the same slant height, L. 

.'. the area of each lateral fBce = ^ Z X its base. 

.'. the sum of all the lateral faces = J Z X sum of bases. 
= iLXP. 
.-. 8=i LXP. 



«. I. D. 



. 648. Cor. 1%e lateral area of 
the frustum of a regular pj/ramid is 
equal to one-half the sum of the 
perimeters of its bases multiplied 
by its slant height. 




Bx. Find the Uteral sj^a ot a regular square pyrsmid irhose slant 
height is 32, and an edgs at trhoae base ia 16. Find the total 



Wn\ 
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Proposition XV. Theorem 
644. If a pyramid is cut by a plane parallel to the lose, 

I. The lateral edges and the altitude are divided pro- 
portionally; 

II. The aeetio7% is a polygon similar to the base. 




fflven the pyramid 8-ABCDF, with the altitude 80 cut 
by a plane MN", which is parallel to the base and intersects 
the lateral edges in a, b, e, d, /and the altitude in o. 



8A SB 80 

II. The section abcdf 

ABCBF. 



80 
similar 



Proof. I. Pass a plane through the vertex iS || My. 
Then SA, SB, 8G . . . 80, are lines intersected by three 
II planes. 



' SA 



80 



n. 



(WhyT) 



SB 80 
ab II AB. 
:. & Sab aud SAB are similar. 
In like manner the & Sbc, 8cd, etc., are similar to the 
^ SBC, SOB, etc.. respectively. 

ab ^./ 8b\ be ( 8c \ cd 
•■ AB \SbJ BC \So) CD "*''• 
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That is, the homologous sides of dbcdf and ABCDF are 
proportional. 

Also A abc = L ABC, LhcA = L BCD, etc. Art. 538. 
.'. section abcdf is similar to the base ABCDF. Art. 321. 

Q. E. 9. 

645. Cor. 1. A section of a pyramid parallel to the 
base is to the base as the sqitare of its distance from the 
vertex is to the s^are of the altitude of the pyramid. 



Sif 



646. Cob. 2. If ttco pyramids having equal altitudes 
are cut by a plane parallel to their bases at equal distances 
from the vertices, the sections have the same ratio as the 
bases. 

Let S-ABCDF and V-PQB be two pyramids cut as 
described. 

abcdf 8? , , , Mr Yt' 

Then =^= =- (Art. 645 ; also -t*— = ■ 

ABCDF s(f PQR 

Bat VT=80, and Vt = So. (WhyT) 

- «6crf/ ^ML,^r abcdf ^ABCDF^ 
" ABCDF PQR pqr PQB 1"°?'' 

647. Cob. 3. If two pyramids have equal altitudes and 
equivalent bases, sections made by planes parallel to the bases 
at equal distances from the vertices are equivalent. 





ABCDF ■Jff 


ab 


_Sa_So . ^P_ 


AS~ 


' SA SO " Jff 




nbctlf _ ^ 




• ABCDF ^f 



DiqiiiicdbvGoogle 



SSa BOOK VII, SOLID GEOMETRY 

Proposition XVI. Theorem 

648. The volume of a triangular pyramid is the limit of 
the sum of the volumes of a series of inscribed, or of a series 
of circumscribed prisms of equal altitude, if the number of 
prisms be indefinitelj/ increased. 



Given the triangular prism 0-ABC with a series of in- 
scribed, and also a series of circumscribed prisms, formed by 
passing planes which divide the altttnde into equal parts, and 
by making the seiitions so formed first upper bases, then 
lower bases, of prisms limited by the next parallel plane. 

To prove O-ABC the limit of the sum of each series, if ' 
the number of prisms iu each be indefinitely increased. 

Proof. Each inscribed prism equals the cirenmscribed 
prism immediately above it. Art, 629. 

.". (sum of eireamscribed prisms) — (sum of inscribed 
prisms) = lowest circumscribed prism, or ABC-K. 

It the number of prisms be indefinitely increased, the 
altitude of each approaches zero as a limit. 

Hence volume ABC-E=0, Art. 253, 2. 

(for its base, ABC, is constant v>hile its alHtvde A 0). 

.*. (sum of circumscribed prisms) — (sum of inscribed 
prisms) = 0. 

.-. volume O-ABC — (either series of prisms) =^ 0. 
(for this difference < difference belaieen the tico series, tehich 
last difference = 0). 
.■. 0~ABC is the limit of the sum of the volumes ot 
either series of prisms. q. i. s. 
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Proposition XVII. Theorem 

649. If two triangular pyramids have equal altitudes 
and equivalent bases, they are equivalent. 




GItch the triangnlar pyramids 0-ABO and C-A'B'C 
baiving equivalent bases ABC and A'B'C, and equal 
altitudes. 

To prove 0-ABCk= (y-A'B'C 

Proof. Place the pyramids so that they have the com- 
mon altitude H, and divide S into any convenient nnm> 
ber of equal parts. 

Through the points of division and parallel to the plane of 
the bases of the pyramids, pass planes cutting the pyramids. 

Using the sections so formed as upper bases, inscribe a 
series of prisms in each pyramid, and denote the volumes 
of the two series of prisms by V and V. 

The sections formed by each plane, as KLM and K'L'M', 
are equivalent. Art. 647. 

.■. each prism in 0-ABC = corresponding prism in 
O'-A'B'C (Art. 629). .-, F=-p. Ai. 2. 

Let the number of parts into which the altitude is 
divided be increased indefinitely. 

Then V and V become variables with 0-ABC and 
(y-A'B'C as their respective limits. Art. M8. 

But Fo V always. ( Why I) 

.-. a- ABC= (y-A'B'C. (WhyT) 

9. !■ o. 
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Proposition XVIII. Theorem 

650. The volume of a triangular pyramid is equal ic 
ne-third the product of Us base by its altitude. 




Given tbc triangular pyramid 0-ABG, having its volume 
denoted by V, the area of its base by B, and its altitude by ff. 
To prove V=hBXH. 

Proof. On ABC as a base, with OB as a lateral edge, 
construct the prism ABC-DOF. 

Theu this prism will be composed of the original pyra- 
mid 0-ABC and the quadrangular pyramid 0-ADFC. 

Through the edges 02) and OC pass a plane intersecting 

the iaae AD FC in the line DC, and dividing the quadrangular 

pyramid into the triangular pyramids 0-ADC and O-DFC. 

Then 0-ADC<^0-])FC. Art. &19. 

{/or they have the common vertex O, a«rf the equal bases ADC and DFC). 

But 0-DFC may be regarded as having C as its vertex 

and DOF as its base. Art. esi. 

.-. a-DFG^O-ABC. Art. 649.' 

.■. the prism is made up of three equivalent pyramids, 

.-. 0-ABG=h the prism. ^ Ax. 5. 

But volume of prism = B X H. Art. 627. 

.-. 0-ABC, or V=hB X H. Ax. 5. 

0. 1. D. 

I Ex. Find the volume of a triaDgalar pyramid wbo«e altitude ia 12 
I ft., and whose base is an equilateral triangle with a side of 16 ft. 



Lr,,l,;.d:,G00gIe 



Proposition XIX. Theorem 
651. The volume of any pyramid is equal to one-lkird 
the product of its base by Us altitude. 



Given the pyramid 0-ABCDF, having its volunifl denoted 
by V, the area of its base by jS, and its altitude by S. 
To prove Y^iBXH. 

Proof. Through any lateral edge, as OD, and the diago- 
nals of the base drawn from its foot, as AD and BD, pass 
planes dividing the pyramid into triangular pyramids. 

Then V, the volume of the pyramid 0-ABGDF, will 
equal the sum of the volnmes of the triangular pyramids. 
But the volume of each A pyramid = J its base X H. 

Art. 650, 

Hence the sum of the volumes of A pyramids = i sum of 

their bases X H. Ax. 2. 

= iBXff. Ax. 8. 

.-. F=jBXfl. Ax. 1. 

Q. B. D. 

652. Cor. 1. The volumes of two pyramids are to each 

Hfher as the products of their bases and altitudes; pyramids 

having equivalent bases and equal altitudes are equivalent. 

6&S. Cob. 2. Pyramids having equivalent bases are to 
each other as their altitudes; pyramids having equal alti' 
tudes are to each other as their bases. 

654. SCHOUUM. The volume of any polyhedron maybe 
found by dividing the polyhedron into pyramids, finding the 
volume of each pyramid separately, and taking their sum. 
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Proposition XX. Theoeem 

655. The frustum of a triangular pyramid is eguivaltTit 
to the sum of three pyramids whose common altitude is the 
altitude of the fntstum, and whose bases are the lower base, 
the upper base, and a mean proportional between the two 
bases of the frustum. 




Given ABO~DEF the frustnm of a triangular pyramid, 
having the area of its lower base denoted by B, the area 
of its upper base by b, and its altitude by M. 

To prove ABC-DEF => three pyramids whose bases are 
B, b and V Bb, and whose common altitude is H. 

Proof. Through E and AC, E and DC, pass planes divid- 
ing the frustum into three triangular pyramids. Then 

1. E-ABO has the base B and the altitude R. 

2. E-DFC, that is, 0-DEF, has the base 6 and the 
altitude H. 

3. It remains to show that E~AJ)C is equivalent to a 
pyramid having an altitude H, and a base that is a oiean 
proportional between B and 6. 

Denoting the three pyramids by I, II, III, 

I A ABE AB_AC^ £>. ■•*"^ ^: ^^ 

II aTdS be DF a BFC III 

(ArtB. 653, 391, 614, 321. Let the pupil supply the reason for eaoh 
step in det&il). 

11 III* 



T-fT?*-*^- i>' 



rii^v'ixm. 



.-. E-ABC=V{^Hy.B) {kIfXb)=iHVBXb. 
Hence, ABC-BEFsssum of three pyramids, as described. 

Q. K.P. 
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656. Formula for volume of frustum of a triaitgulaT 
pyramid. V^iffiB + b + V^Bbh 



Pboposition XXI. Theorem 
657. The volume of the frustum of any pyramid is 
equivalent to the sum of the volumes of three pyramids, whose 
common altitude is the altitude of the frustum, and whose 
bases are the lower base, the upper base, and a mean propor- 
fional hetween the two basis if the frustum. 




Given the frustum of a pyramid Ad, haviog its volume 
denoted by V, the area of its lower base by B, of its upper 
base by b, and its altitude by S. 

To prove F=4 n(B'\-b + VfifeJ. 

Proof. Produce the lateral faces of Ad to meet in K. 

Also eonstnict a triangular pyramid with base PQB 
equivalent to ABCDF, and in the same plane with it, and 
with an altitude equal to the altitude of K-ABCDF. Pro- 
>luee the plane of ad to cut the second pyramid in pqr. 

Then pqr=ahcdf. Art. 647. i 

.-. pyramid X-^BCi>P- pyramid T-PQB. Art. 652. 

Also pyramid X-a6c(// — pyramid T-pqr. (Why I) 

Subtracting, frustum Ad ^ frustum Pr. Ai. 3. 

But volume Pr=i fl" (B + 6 + ^Bb). 

:. volume Ad=h fl" (B + J + Vm). (WhyT) 
Q. 1.0. 
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^ Proposition XXII. Theorem 

658. A truncated triangular prism is equivalent to the 
sum of three pyramids, of which the base of the prism is the 
common base, and whose vertices are the three vertices of the 
inclined section. 



Given the truncated triangular prism ABC-PQR. 

To prove ABC-PQE =c= the sum of the three pyramids 
P^ABC, Q-ABC and R-ABC. 

Proof. Pass planes through Q and AG, Q and PC, divid- 
ing the given figure into the three pyramids Q-ABC, 
Q-APG and Q-PRC. 

1. Q-ABC has the required base and the required 
vertex Q. 

2. Q~APC^B-APC, Art. 052. 
' >, (for they have the same base, A PC, a«4 the »ame alHltide, lh«ir ver- 
tices being in a line || base APC). 

But B-APC may be regarded aa having P for its ver- 
tex, and ABC for its base, as desired. Art. 634. 

3. ^^PBC•o B-^KC (see Fig. 2). Art.652. 

{for the liase ARC'S base PRC (Art. :i»U),' anil the allUudea of the tmo 

jijramWs are equal, the verliera If aiul B being ia line || jilane 

PALS, in tchicli the bastn lii-). 

But B~ARC may be regarded as having R for its ver- 
tex, and ABC for its base, as desired- Art. GH. 
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PBISUATOIDS 



.'. ABC-PQR = sum of three pyramids whose 
base is ABC, and whose vertices are P, Q, B. 




6S9. Cob. 1. The volume of a truncated right triangu- 
lar prism (Pig. 3) is equal to the product of its base by 
one-third the sum of its lateral edges. 



660. Cor. 2. The volume of any truncated triangular 
prism (Fig. 4) is equal to the product of the area of its 
right section by one-third the sum of its lateral edges. 



PRISHATOIDS 



661. A prlsmatoid is a polyhedron 
bounded by two polygons in parallel planes, 
called bases, and by lateral faces which are 
either triangles, trapezoids or parallelograms. 

662. A prismold is a prismatoid in 
which the bases have the same number of 
sides and have their corresponding sides 
parallel. 




Ex. The volume at a truncated right paraltelopjped cqiiaJR tbe 
&-ea of Ibe lowur liaae muttipHed by ouu-four(k tlie BUm of the latt-rul 
«ilices (or by a perpeail.'cular frgni tbe c«ut«r of tlie upper baBu 19 ttus 
I9WW base). 



:!,q,i,i.:db,GoogIe 



390 BOOK VII. SOLID GEOMETBT 

Proposition XXIII. Theorem 
663. The volume of a pnsmatoid is equal to one-sixth 
the product of its altitude hy the sum of its bases and of 
four times the area of its midsection. 



'' .Sigcl FlK.9 

Giyea the prismatoid ABCD-FOK, with bases B and b, 
midsection M, volume V, and altitude JT. 

To prove V=i ff {B+ 1 + 4 M). 

Proof. Take any point O in the midsection, and throngh 
it and each edge of the prismatoid let planes be passed. 

These planes will divide the figure into parts as follows: 

1. A pyramid with vertex 0, base ABCD and altitude 
i M,, and whose volume .", =a JTX B. Art. 651. 

2. A pyramid with vertex 0, base FQK, and altitude J 
S, and whose volume .". = i ff X 6. ( Why I) 

3. Tetrahedrons like 0-AB6 whose volume may be 
determined as follows (see Fig. 2) : 

AB = 2 PQ. (WhyT) 

.-. A AGB=4: A P6Q. Art. 398. 

.-. 0-A6B=i 0-P6Q. Art, 653. 

But 0-POQ (or G-PQO) = i PQO XiH = i EX PQO. 

:. 0-AGB^i H X 4 A PQO. (Whyi) 

.'. the sum of all tetrahedrons like 0-AGB = J HX4M. 

:. F=i HXB + i HXb-i- I HXi M. 
Or y=k3 iB + h + iM). g.E.». 
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KEGDLAK POLYHBDBOITS 



664. Dep. a regular polyhedron is a polyhedron all of 
whose faeea are equal regular polygons, and all of whose 
polyhedral angles are equal. Thus, the cube is a regular 
polyhedron. 

Proposition XXIV. Theorem 

665. But five regular polyhedrons are possible. 

adOO 

Given regular polygons of 3, 4, 5, etc., sides. 

To prove that regular polygons of the same number of 
sides can be joined to form polyhedral i of a regular 
polyhedron in but five different ways, and that, conse- 
quently, but five regular polyhedrons are possible. 

Proof. The sum of the face d of any polyhedral angle 
< 360°. Art. M3. 

1. Each Z of an equilateral triangle is 60°. Art. 134, 
3 X 60°, 4 X 60° and 5 X 60° are each less than 360°; 

but any larger multiple of 60° = or > 360°. 

,*. but three regular polyhedrons can he formed with 
equilateral A as faces. 

2. Each Z of a square contains 90°. Art. 161. 
3 X 90° is less than 360°, but any larger multiple of 

90°= or >360°. 

.-. but one regular polyhedron can be formed with 
squares as faces. 

3. Each Z of a regular pentagon is 108°. Art. 174. 
3 X 108° is less than 360°, but any larger multiple of 

108° > 360°. 
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.*. bat one regnlar polyhedron can be formed with regii- 
lur pentagons as faces. 

4. Each Z of a regular hexagon is 120°, and 3 X 120" 
= 360°. 

.'. no regular polyhedron can be formed with hexagons, 
or with polygons with a greater number of sides as faces. 

.'. but five regular polyhedrons are possible. 

666. The construction of tlie regular polybedronB, by the 
nse of cardboard, may be effected as follows: 

Draw on a piece of cardboard the diagrams given below. 
Cnt the cardboard half through at the dotted lines and en- 
tirely throngh at the full lines. Bring the free edges 
together and keep them in their respective positions by 
some means, such as pasting strips of paper over them. 
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POLYHBDROnS IN GENKBAL 
Proposition XXV. Theorem 
667. In any polyhedron, the number of edges increased 
by two equals the number of vertices increased by the number 
effaces. 




Fig. 1 PlB. a 

Given the polyhedron AT, with the number of its ver* 
tices, edges and faces denoted by V, E and F, respectively. 

Toprove E + 2=Y+F. 

Pioot. Taking the single face ABCD, the number of 
edges equals the number of vertices, or E= V. 

If another face, CRTD, be annexed (Fig. 2), three new 
edges, OR, RT, TD, are added and two new vertices, R and T. 

.: the number of edges gains one on the number of ver- 
tices, or E= V+ 1. 

If still another face, BQRC, be annexed, two new edges, 
£Qand QE,areadded,andone new vertex, Q. .'. E= V+2. 

With each new face that is annexed, the number of 
edges gains one on the number of vertices, till but one 
face is lacking. 

The last face increases neither the number of edges nor 
of vertices. 

Hence number of edges gains one on number of vertices, 
for every face except two, the first and the last, or gains 
' F—2 in all. 

.-. for the entire figure, E=V-\-F—2. 

That Is .B+ 2= y + ^. Ai. a. 

Q. X. tt. 
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Proposition XXVI. Theorem 

668. The sum of ths face angles of any polyhedron 
equals four right angles taken as many times, less two, as 
the polyhedron has vertices. 



Glveo any polyhedron, with the sum of its face angles 
denoted by S, and the number of its vertices, edges and 
faces denoted by V, E, F, respectively. 

Toprove S={F— 2) 4rt. A. 

Proof. Each edge of the polyhedron ia the intersection 
of two faces, .'. the number of sides of the faces = 2 E. ^ t( 

.: the sum of the interior and exterior A of the faees= 
2 .E X 2 rt. i , or .B X 4 rt. A. Art. 73. 

Bat the sum of the exterior A of each face=4 rt. A . 

Art. 175. 

.'. the snm of exterior A of the Ffa<iee = FX 4 rt- -i . 

Ai. 4. 

Subtracting the sum of the exterior A from the sum of 
all the A, the sum of the interior A of the F faee8 = 
(EX4rt. i)— (FX4rt. A). 

Or 8=(E — F) 4rt. A. 

But E + 2=r+F. Art. 667. 

Hence E—F= V—2. Ai. 3. 

Substituting for E—F, S= ( ¥—2) 4 rt. ^ . Ai. 8. 

Q. E. D. 

Ex. Verity the last two tbeorems in tbe ease of the cube. 
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COHPABISOH OF POLYHEDRONS. SIHILAS POLYHEDROHS 

Proposition XXVil. Theorem 
669. If two tetrahedrons have a trihedral angle of one 
equal to a trihedral angle of the other, they are to each other 
as the products of the edges including the equal trihedral 
angles. 




Given the tetxahedrODS 0-ABC and a-A'B'O, with 
their volumes denoted by Fand F, respectively, and having 
the trihedral A and (y equal. 

r _ OAXOBXOO 

10 prove ^ O'A' X ffB' X (yc' 

Proof. Apply the tetrahedron O'-A'B'C to 0-ABO bo 
that the trihedral ^ (y shall coincide with its equal, the 
trihedral /O. 

Draw CP and CP' J. plane OAB, and draw OP the 
projection of OC in the plane OAB. 

Taking OAB and OA'B' as the bases, and OP and CP' 
as the altitudes of the pyramids 0-OAB and C-OA'B', 
respectively. 

F ^ A OAB XCP ^ A OAB y OP . ^ ™ 
V AOA'B'XCP' A OA'B' CP'' ' ' 

„ , A OAB OAXOB .^ ,„ 

^^' AOA^'-^ OA'XOB' - ^'*-'"- 

In the simUar rt. A OGPaad OOP', ^=^- (Why 1) 

. V ^ OAXOBXOO ^ OAXOBXOO ._ „ 
'■ F' 04' X OB'X 0(7 
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670. Dep. Similar polyhedrons are polyhedrons havicj 
the same number of faces, similar, each to each, aud simi- 
larly placed, and having their corresponding polyhedral 
angles eignal. 

Proposition XXVIII. Theorem 

671. Any two similar polyhedrons may be decompi,setl 
into the same number of tetrahedrons, similar, each to each, 
and similarly placed. 



Givea P and f , two similar polyhedrons. 

To prove that P and P' may be decomposed into the 
same number of tetrahedrons, similar, each to each. 

Proof. Take H and W any two homologous vertices o£ 
P and JP*. Draw homologous diagonals in all the faces of 
P and f* except those faces which meet at S and ff, sepa- 



ng similar triangles, 
agonal thus formed in P, 
iagoual in P', pass planes. 



rating the faces into correspondin 

Through 3 and each face dia 
and through H' and each face dia 

Each corresponding pair of tetrahedrons thus forihed 
may be proved similar. 

Thus, in H-ABO and W-A'B'C, the A. EBA and 
E'B'A' are similar. Art. 329. 

In like manner A MBG and H'B'C are similar; aud A 
ABO and A'B'C are similar. 



3,„i,i=dbvGoogIe 



8IMILAE POLYGONS 397 

,, BA fHB\ HO /■ BC\ AC . . ,., 

;, A AHC and A'H'C are sitailar. Art. 326. 

Hence the corresponding faces of S-ABC and H'-A'B'C 
are similar. 

Also their homologons trihedral A are equal. Art. 584. 

.*. tetrahedron H-ABC is similar to W-A'B'C. Art. 870. 

After removing H-ABC from P, and H'-A'B'C from 

P', the remaining polyhedrons are similar, for their faces 

are similar, and the remaining polyhedral i are equal. 

Ax. 3. 
By continuing this process, P and P" may be decom- 
posed into the same number of tetrahedrons, similar, each 
to each, and similarly placed. 

«. B. D. 

672. Cor. 1. The homologous edges of similar polyhe- 
drons are proportional; 

Any two homologous lines in two similar polyhedrons 
have the same ratio as any other two homologous lines. 

67S. Cob. 2, Any two homologous faces of two similar 
polyhedrons are to each other as the squares of any two 
homologous edges or lines; 

The total areas of any two similar polyhedrons are to 
each other as the squares of any two homologous edges. 

Ex. 1. IntbefigQre,p.3g5,iftheeilgeBmeetingatOare8,9,12in., 
and those meetiuK at ff &re 4, 6, 8 in., find the ratio of the voIamoH 
of the tetrahedrons. 

Ex. 2. II the linear dimensions of ona room are twice as great as 
the corresponding dimensiona of another room, how will their surfaces 
(and .'. cost of papering) compare T How will theirvolumeacompare T 

Ex. 3. How many 2 id. cubes can be cat from a 10 in. cnbe T 

Ex. 4. If the bases ol a priBmoid are rectangles whose dimensions 
are a, b and b, u, and altitude is M, find the formula tor tbe Tolame. 
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Proposition XXIX. Theorem 

674. The. volumes of two similar tetrahedrons are to 
each other as the cubes of any pair of homologous edges. 




Given the similar tetrahedrons O-ABC and (y-A'B'ff. 

V 'oa' 

To prove — -=;■ 

V (yA'^ 

P™**- V=0'A'X0'B'y<O'0'' ^^''''^ 

^OA y OBy 00 

0>A' O'B' O'C' 

. ^ _ 0-^ y OA ^ OA _ 'aP ^ g 

■* V~0'A' CA' OA' 0^/3 

Es. 1. In the above fibres, if AB=% A'ff, find the ratio of V 
to r. Find the Hame, if AB=\\ A'ff. 

Ez, 2 The meaanremeiit of tlie volume of a re^lar triangular 
prism leducea to the tneasurement of the leugths of hon mau; straight 
linoB f of a (ruBtnm of a regular square pyramid t 

Bx. S. 8how how to eonstract out of pasteboard a regular prism, 
B paratlelopiped, and a tmocated square prism. 
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Pkopositioh XXX. Theorem 

675. The volumes of any two similar polyhedrons are 
to "each other as the cubes of any two homologous edges, or 
of any other two homologous lines. 



Glveo the polyhedrons AK and A'S? having their vol- 
omea denoted by V and V, and HB and H'B' any pair of 

homologous edges. 

V E^ 

To prove — — ■ ■ — ' 

F' jS'B'^ 

Proof. Let the polyhedrons be decomposed into tetra- 
hedrons, similar, each to each, and similarly placed. Art. 671. 

Denote the volnmes of the tetrahedrons in P by m, vz, 
vb . . . and of those in P' by v'l, f's, v'3 . . . 

Then !i-^- 

Vi WW 
Also a.a.a..... Art.67«,ju.i. 

v'l n'a v'j 
(for etKh of these ratios= ■■) 



r _ H^ 
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exEnoiSES. group er 

THEOREMS CONCERNING POLYHEDRONS 

Ex. 1. The l&t«r&I facea of a right priBm are rectangles. 

Ex. 2. A diagonal plane of a prism is parallel to ever; lateral edge 
of the priam not contained in the plane. 

Ex. 3. The diagonals of a paraltelopiped bisect eaah other. 

Ex. 4. The square of a diagonal of a rectangular paralletopiped 
«quals the lam of the squares of the three edges meeting at a vertex. 



Ex. 6. Every section of a prism made by a plane parallel to a 
lateral edge is a parallelogram. 

Ex. 7. If anf two diagonal planes of a prism which «re not par- 
allel to each other are. perpendicular to the base of the prism, the 
prism is a right prism. 

Ex. 8. What part o£ the volume of a cube is the pyramid whose 
base is a face of the cube and whose vertex is the center of the cube T 

Bz. 9- Any section of a regular square pyramid made by a plane 
through the axis is an isosceles triangle. 

Ex. 10. In any regular tetrahedron, an altitude eqoals three times 
_ the perpendicQtar from its foot to any face. 

Ex. 1 1 . In any regular tetrahedron , an altitude equals the sum of 
the perpendiculars to the faces from any point within the tetrahedron. 

Ex. 12. Find the simplest formula for the lateral area of a trun- 
cated regular prism of n sides. 

Ex. IS. The snm of the squares of the fonr diagonals of a paral- 
lelepiped is equal to the sum of the squares of the twelve edges. 
[8nG. Use Art. 352.] 

Xz. 14. A parallelopiped is symmetrical with respect to what pointl 
Ex. 16. A rectanglar parallelopiped Is symmetrical with respect Ui 
how many planes? (Let the pupil make a definition of a figure syni 
metrical with reepect to a plane. See Arts. 486, 487.) 
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/ Ex. 16. Tbe Tolome o( « pyramid -vrhose lateral edges are tb« ^ 
' three edges of tbe parallelopiped meeting at a point is what part o( 
> the volume ot the parallelopiped ! 

Ex. 17. If a plane be passed through a vertex of a cube and tbe 
diagonal of a face not adjacent to tbe vertex, what part of tbe volamo 
^ of tbe oa)>e is ooDtained by tbe pyramid so formed T 

•y-' ^ Ex. 18. If the angles at tbe vertei of a triangular pyramid are 
"tight angles and each lateral edge equals a, show that the volume of 

the pyramid is —" 

Bx, 19. How large is a dihedral angle at the base of a regular 
pyramid, if tbe apotbem of tbe base equals tbe altitude of the pyramid I 



Ex. 21. The section of a triangular pyramid by a plane parallel 

to two opposite edges is a parallelogram. 

If the pyramid is regular, what kind of a parallelogram does the 
section become t 

Ex. 22. Tbe altitude of a regular tetrahedron divides an altitude 
of the base into segmanta which are as 2 M. 

Ex. 23. If tbe edge of a regular tetrahedron is a, show that tbe 
slant height iB— ^ ; and benee that the altitude '<■ -^ • 

. a'i/2 

"■"*• "■ -ir 

Ex. 24. If the midpoints of all tbe edges of 
s tetrahedron except two opposite edges be 
joined, a parallelogram is formed. 

Ex. 2b. Straight lines joining tbe midpoints 
of the opposite edges of a tetrahedron meet in 
a point and bisect each other. 

Ex. 20. The midpoints of the edges of a regular tetrahedron are. 
of a regular octahedron. 
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EXERCIBEI. CROUP M 

PROBLEMS CONCERNING POLYHEDRONS 



n pjramid bv & plana |inr- 

Bz. 3. Through a given point pass a plane whlah shall bissct the 
▼alume of a given parallelopiped. 

Ex. 4. Given an edge, conHtmct a Fegnlai tetrahedron. 

Ex. 6. Given an edge, conatrnet a regular octahedron. 

Ex. 6. Pass a plane through the axis of a regular tetrahedron bo 
that the saotion shall he an iaoBcelea triangle. 

Ex. 7. Poas a plane throagh a cube bo that the section shall be a 
regular hexagon. 

Ex. 8. Through three given lines no two of which are parallel 
pass planes nhioh shall form a parallelopiped. 

Ex. 9. From cardboard construct a regular sgaare pyramid each, 
of whose faces is an equilateral triangle. 

EXEROIBES. CROUP M 

REVIEW EXERCISES 
Hake a list of the properties of 

Ex. 9. Bight prisms. 
Ex. 10. Parallelepipeds in gen- 
Ex. 11. Rectangular parallelo- 

Ex. 12. Pyramids in general. 

Ex.6. Polyhedrons in general. Ex. 13. Regular pyramids. 

Bx. 7. Similar polyhedrons. Ex. 14 Frusta of pyramids. 

Ex. 8. Prisms in general. Ex, 15. Truncated prisms. 



Ex. 1. 


Straight lines in space. 


Bx. 2. 


One line and one plane. 


Ex.8. 


Two or more lines and 


one 


. plane. 


Ex.4. 


Two planes and one line. 


Ex. 5. 


Two planesand two lines. 
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Book VIII 
CYLINDERS AND CONES 



676. A cylindrical surface is 
a cnrved snrface geoerated .by a 
straight line which luoves so aa 
coDStautly to touch a given fixed 
curve and constantly be parallel 
to a given fixed straight line. 

ThQB, every ehndow east by a point 
' of light at a great distuice, as by a 
star or the hud, approximates the 

cylindrical form, that is, is bounded CyllndrtMl laxtte* 

by a oylindrical sarface ot light. Eence, in all radlstionB (as of light, 
beat, magnetism, eto.) from a point at a great diitanee, we are 
concerned with cylindrical surfaces and solids. 

677. The generatrix of a cylindrical eurface is the mov- 
ing straight line; the directrix is the given curve, as CDE; 
an element of the cylindrical surface is the moving straight 
line in any one of its positions, as J)F. 

678. A cylinder is a solid bonnded by 
a cylindrical surface and by two parallel 
planes. 

The bases of a cylinder are its parallel 
plane faces; the lateral surface is the 
cylindrical surface included between the 
parallel planes forming its bases; tlie alti- oyiindsr 
tude of a cylinder is the distance between the bases. 

The elements of a cylinder are the elements of the 
cylindrical surface bounding it. 

(403) 
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679. Property of a cylinder inferred Immediately. AU 

ike elements of a cylinder are equal, for they are parallel lines 
included between pai-allel planes (Arts. 532, C76). 

The cflinders moat important Id practical life are those determiDeii 
by their at&bility, the case with which they caa he 
moD materials, etc 

680- A right cylinder is a cylinder 
whose elements are perpendicular to the 
bases. 

681. An obllqtie cylinder is one whoso 
elements are oblique to the bases. 

682. A circular cylinder is a cylinder 
whose bases are circlea. 

68S. A cylinder of revolution is a cylin- 
der generated by the revolution of a rect- 
angle about one of its sides as an axis. 

Hence, a cylinder of revolution is a right 
circular cylinder. 

Some of the properties of this solid are derived 
most readily by coDsidering it as generated by a, re- 
volviog rectangle ; and otliers, by regarding it as a 
particular Iiind of cylinder derived from the general c»lin< 

dcfiuilioQ. levolDtkin 

684. Similar cylinders of revolution are cylinders gen- 
erated by similar rectangles revolving about homologous 
sides. 

685. A tangent plane to a cylinder is a plane which 
contains oue element of the cylinder, and which does not cut 
the cylinder on being produced. 

Ex. 1. A plane passing through a taugent to the hase of a circu- 
lar cylinder and the element drawn Ihrough the point of coutaci is 
taugent to tlic cylinder. (For if it is not, etc) 

Ex. 2. If ft plane is tangent to a circular cylinder, its intersection 
witli ihi; iiinai! of the base is taugent to the base. 
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686. A prism inscribed in a cylinder is a prism whose 
lateral edges are elements of the cylinder, and whose basee 
are polygons inscribed in the bases of the cylinder. 



IniflTlbod pritm CircomBcrlbed itrtun 

687. A prism drcumscribed about a cylinder is a prism 

whose lateral faces are tangent to the cylinder, and whose 
bases are polygons circumscribed about the bases of the 
cylinder. 

688. A section of a cylinder is the tigure formed by the 
intersection" of the cylinder by a plane. 

A i^ht section of a cylinder is a section formed by a 
plane perpendicular to the elements of the cylinder. 

689. Properties of circular cylinders. By Art. 441 the 
area of a circle is the limit of the area of an inscribed or 
circumscribed polygon, and the circumference is the limit 
of the perimeters of these polygons; hence 

1. The volame of a circular eijlinder is the limit of the 
volume of an inscribed or draiviscribed prism. 

2. The lateral area of a circular cylinder is the limit of 
tlte lateral area of an inscribed or circumscribed prism. 

Also, 3. By metlujdi loo adeaneed for thi» book, it may be proved Cfuil 
the perimeUr of a Tight »ecticn it (he limit of Uie perimeter of a right sec- 
tion of an i/i»cribed or circamteribcd pritm. 
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Proposition I, Theorem 

690. Every section of a cylinder made by a plane pass* 
ing through an element is a parallelogram. 




Given the cylinder AQ cat by a plane passing throagh 
the element AB and forming the section ABQP. 

To prove ABQP a C7 . 

Proof. APWBQ. Art. 531. 

It remains to prove tbat,FQ is ailMigU line 11 AB. 

Thtongh P draw a Imenn Ihe cutting plane || AB. 1 

This line wj^l^fllso liej_n the cylindrical suijface. Art. 676. 
^ ,'. this line must coincide with PQ, 
(for the line dravm lies <n both the cutting plane and the cylindrieat 
aurfaee, hence, it must be their intersection). 

:. PQ is aaariilS line 1 1 AB. 

:. ABQP is a C-l . (wbyn 

Q. E. T>. 

691. Cor. Every section of a right cylinder made by a 
plane passing through an element is a rectangle. 

a biDges generates what kind of a 

Ex. 2. Every Bectlon of a papallelopipei] made by a plaue inter- 
secting all its lateral edgea is a parallelosraiii. 
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CYLINDERS 

Proposition II. Theorem 
The bases of a cylinder are equal. 



Given the cylinder AQ with the bases APB and OQD. 
To prove base dPB=base CQD. 

Proof. Let AC and BD he any two fixed elements in 
the surface of the cylinder AQ. 

Take P, any point except A and B in the perimeter of 
the base, and through it draw the element PQ. 
Draw AB, AP, PB, CD, CQ, QD. 

Then AC and BD are = and 1|. (Why?) 

.-. AD is a ^^. (Whyt) 

Similarly AQ and BQ are £j7 . 

.-. AB=CD. AP=GQ. and BP=DQ. (Why?) 
.-. A APB = A CQD. (Why t) 

Apply the base APB to the base CQD so that AB coin- 
cides with CD. Then P will coincide with Q, 
(for A APB = ^ CQD). 
Bat P is any point in the perimeter of the base APB. 
:. every point in the perimeter of the lower base will 
coincide with a corresponding point of the perimeter of 
the upper base. 

.*, the bases will coincide and are equal. Art. 47. 
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693. Cob. 1. The sections of a cylinder madf- by two 
parallel planes cntting all the element.i are equnl. 

For the sections thus formed are the bases of the cylinder 
included between the cutting planes. 

694. Cor. 2, Any section of a cylinder parallel to the 
base is equal to the base. 

r- Proposition III. Theorem 

695. The lateral area of a circular cylinder is equal to 
the product of the perimeter of a right section of the cylin- 
der by an element. 



Given the circular cylinder AJ, having its lateral area 
denoted by iS, an element by E, and "the perimeter of a 
right section by P. 

To prove 8=PXE. 

Proof. Let a prism with a regular polygon for its base 
be inscribed in the cylinder. 

Denote the lateral area of the inscribed prism by j8', 
and the perimeter of its right section by P". 

Then the lateral edge of the inscribed prism ia an ele- 
ment of the eyiiuder, ConHtr 
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.'. 8' = F'XE. Art. 608. 
If the Dnmber of lateral faces of the inscribed prism be 
indefinitely increased, 

S' will approach S as a limit. Art. 689, 2. 

P' will approach P as a limit. Art. 689, 3. 

And P'XE will approach PXE as a limit. Art. 253, 2. 

Bnt «'=P'XB always. {WhyT) 

.-. 8=PXE. (Whyt) 

«. X. D. 

696. Cob. 1. The lateral area of a cylinder of revolu- 
tion is equal to the product of the circumference of its base 
by its altitude. 

697. Formulas for lateral area and total area of a cylla- 
4er of revolution. Denoting the lateral area of a cylinder of 
revolution by S, the total area by T, the radius by B, and 
the altitude by S. 

8=2 TlEH. 
T=2 TiBH + 2 TiB? :. T=2 7iB(H+ R). 



Es. 2. If the altitude of a cylinder of revolution equals the ra'dina 
of the baee {H—B), wliat do the formulaB for S and T become In 
terms of JI t also, in terms of ^ T 

Es. 3. What do they become, if the altitude equals the diameter 

of the base T 
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■>' Proposition IV. Theorem 

698. The volume of a circular cylinder is equal t 
product of its base by its altitude. 




'Given the circnlar cylinder AJ, having its volnme 
denoted by V, its base by B, and its altitude by ff. 
To prove V=BXH. 

Proof. Let a prism having a regular polygon for its 
base be inscribed in the cylinder, and denote the volume of 
the inscribed prism by F', and its base by B'. 

The prism wilt have the same altitude, H, as the 
cylinder. 

.-. r' = B'XB. (Why?) 

If the number of lateral faces of the inscribed prism 
be indefinitely increased, 

y will approach T as a limit. Art. 689, l. 

B' will approach B as a limit. (Why I) 

And B'X H will approach B X fl as a limit (Why I) 

But F=B' X ff always. (Whyt) 

.'. V=BXS. (Whyt) 

Q. X. D. 

699. Fonoola for the volume of a circular cylinder. 
By use of Art. 450, 



3,„i,i=dbvGoogIe 



y 



Proposition V, Theorem 



700. The lateral areas, or the total areas, of two simi- 
lar cylinders of revolution are to each other as the squares 
of their radii, or as the squares of their altitudes; and 
their volumes are to each other as the cubes of their radii, 
or as the cubes of their altitudes. 



LR'.~ 



Given two siroilar cylinders of cevolution having their 
lateral areas denoted by 8 and 18', their total areas by T 
and P, their volumes by V and V, their radii by B and 
E', and their altitudes by ITand H', respectively. 

To prove 8:8' = Ti T'=S? -. R'^=.m : fl«; 
and V: V=& : B'»=H^ : H'». 



2 nRH BXR _R R fl' ga 
2 7tR'M' R'XS' R'^H' R-"- S'^' 



T _ 2 7tR(R+R) R H+R R? 

^^'^ r 2 7tR'{E' + R') R' R' + R' R'^ R'^' 



321, 3iti 

(WhyT) 
R^ 



Also ■== 






(Whyt) 
(Whyt) 

Q. E. B. 

Ex. It a cylindrical cistern is 12 rt. deep, how muoh more cement 
ia required to line it than to line a simitar ciatem € ft. deep I How 
mucli more water will ttte former ciatem hold f 
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CONES 

701. A conical surface is a sur- 
face generated by a straight line 
which moves so as constantly to touch 
a given fixed curve, and constantly 
pass through a given fixed point. 

Thu8 every shddow caat by a near point 
ol light is conical in form, that ia, ia bounded 
bj a conical surface of light. Henee, the 
stndy of oouieal surfaces and solids is im- 
portant from tbe fact that it coni^erns all 
caaeB of forces radiating from a near point, 

702. The generatrix of a conical , 

surface is the moving straight line, as 
AA'; the directrix is the given fixed Coni»ai .nrf<«» 

curve, as ABC; the vertex is the fixed point, as 0; an 
element is the generatrix in any one of its positions, as BB'. 

708.- The upper and lower nappes of a conical surface 
are the portions above and below the vertex, respectively, 
as 0-ABC and O-A'B'C'. 

Usually it is convenient to limit a conical surface to a single nappe. 

' 704. A cone is a solid bounded by a 
conical surface and a plane cutting all the 
elements. 




705. The base of a cone is the face 
formed by the cutting plane; the lateral 
surface is the bounding conical surface; 
the vertex of the cone is the vertex of the { 
conical surface; the elements of the cone 
are the elements of the eonieal surface; ^ne 

the altitude of a cone is the perpendicular distance from the 
Vertex to the plane of the base. 



\A 
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706. A circular cone is a cone whose base is a circle. 
The axis of & circular cone is the line drawn from the 

vertex to the center of the base. 

707. A right circular cone is a circular cone whose axis 
is perpendicular to the plane of the base. 

Au oblique circular cone is a circnlar cone 
whose axis is oblique to the base. 

708. A cone of revolution is a cone gene- 
rated by the revolution of a right triangle 
about one of its legs as an axis. 

Hence a cone of revolution and a right 
circular cone are the same solid. cone ot rsyohttton 

709. Properties of a cone of revolution inferred Im- 
mediately. 

1. The altitude of a cone of revolution is the axis of the 
cone. 

2. All the elements of a cone of revolution are equal. 

710. The slant height of a cone of revolution is any one 
of its elements. 

71 1. Similar cones of revolution are cones generated by 
similar right triangles reyolving about homologous sides. 

712. A plane tangent to a cone is & plane which con- 
tains one element of the cone, but which does not cut the 
conical surface on being produced. 

E*. 1. A plane passing ihrougt a tangent to the base ot a circular 
cone and the element drawa tLrough the point of contact ia tangent to 
the cone. 

Ex. 2. If a plane is tangent to a circular cone. Its intersection with 
the plane of the base ia tangent to the cone. 
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718. A pyramid Inscribed in 
a cone is a pyramid ^hose lateral 
edges are elements of the cone 
and whose base is a polygon in- 
scribed in the base of the cone. 

714. A pyramid circum- 
Bcribed about a cone is a pyra- 
mid whose lateral faces are tan 

gent to the cone and whose base is a polygon circumscribed 
about the base of the cone. 

715. Properties of ciicular cones. By Art. 441 the area 
of a circle is the limit of the area of an inscribed, or of a 
circumscribed polygon, and the circumference is the limit 
of the perimeters of these polygons; hence 

1. The volume of a circular cone is the limit of the vol- 
ume of an inscribed or circtimscriied pyramid. 

2. The lateral area of a circular cone is the limit of the 
lateral area of an inscribed or Circumscribed pyramid. 

716. A frustum of a cone is the por- 
tion of the cone included between the base 
of the cone and a plane parallel to the 
base. 

The lower base of the frustum is the 
base of the cone, and the upper base of 
the frustum is the section made by the FnutamofkeoM 
plane parallel to the base of the cone. 

What must be the altitude and the lateral surface of a 
fmstum of a cone; also the slant height of the frustum of 
a cone of revolution t 
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X Proposition VI. Theorem 

717. Every section of a cone made by a plane patsing , 

through its vertex is a triangle a** '^ fiy^r-^r^ 'fh f-^ /Xt-vv-tJ^L 




Given the cone S-APBQ with a plane passing through 
the vertex S, and making the section SPQ. 

To prove SPQ a triangle. 



Proof. PQ, the intersection of the base and the cutting 



plane, is a straight line 

Draw the straight lines SP and SQ. ^ 

Then SP and 8Q mast be in the cutting plane; Art, 498, 

And be elements of the conical surface. Art. 701. 

.'. the straight lines 8P and SQ are the intersections of 
the conical surface and the cutting plane. 

.'. the section SPQ is a triangle, Art. 81. 

(for it is bounded bg three tlraight line*). 



Ex. What kiod of trikngle ia » eeotion ol ft right oircolu oone 
iftd« b7 ft plftne through the veii«s f 
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PBOPOsmoN Vn. Theorem 

718. Every section of a circular cone made by a plane 
parallel to the base is a circle. 




Given the circular cone SAB with apb a section made 
by a plane parallel to the baBe. 

To prove apb a circle. 

Proof. Denote the center of the base by 0, and draw 
the axis, 80, piercing the plane of the section in o. 

Through 80 and any element, 8P, of the conical sur- 
face, pass a plane cutting the plane of the base in the 
radius OP, and the plane of the section in op. 

In like manner, pass a plane throngh 80 and SB form- 
ing the intersections OB and oi. 

.: OP 11 op, and OB 11 oft. (Whyl) 

.'. A 8P0 and 8B0 are similar to A 8po and Sio, 
respectively. Art. 328. 

Bnt OP=OB. (Whyf) 

.-. op = ob. (Whyt) 

.*. opb is a circle. (Why T) 

Q. E. D. 

719. Cor. The axis of a circular cone passes through 
the center of every section parallel to the base. 
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PROPOsmoN Vlir. Theorem 



41V 



720. The lateral area of a cone of revolution is equal to 
half the product of the slant height bj/ the circumference of 
the hose. 




Given a cone of revolution baviogr its lateral area de- 
noted by 8, its slant height by L, and the circumference 
of its base by 0. 

To prove 8=i OXL. 

Proof. Let a regular pyramid be circumscribed about 
tbe cone. 

Denote tbe lateral area of the pyramid by 8', and the 
perimeter of its base by P. 

Then 8'=iPXL. Art. W2. 

If tbe number of lateral faces of the circumscribed 
pyramid be indefinitely increased, . 

8' will approach 8 as & limit. Art. 715, 2. 

P will approach <7 as a limit. Art. 441. 

And JPXi will approach J CXL as a limit. Art. 253,2. 

But S' = J PXL always. (Why t) 

.-. 8=i CXL. (Why?) 

Q. 1. 1. 

721. Formttlas for lateral area and total area of a cone 
of ravolution. Denoting the radius of the base by B, 
8=i {2 7tBXL) .: S=nBL. 
Also T=jtBL + nS' :. T=nB (i + B). 
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^ Proposition IX. Theobem 

722. Thb volume of a circular cone is equal to one-third 
of the product of its base by its altitude. 




Given a cirenlat cone having its volume denoted by V, 
its base by B, and its altitude by -ff. 
To prove V=iBXff. 

Proof. Let a pyramid with a regular polygon for its 
base be inscribed in the given cone. 

Denote the volume of the inscribed pyramid by V, and 
its base by B'. 

Hence V = iB'XE. Art. bsi. 

If the number of lateral faces of the inscribed pyramid 
be indefinitely increased, 

V will approach F as a limit. (Whj t) 

B' will approach B as a limit. <WhyT) 

And iB'XH will approach i BXSas& limit. ( Why f ) 

But W =i B' X H always. (Whyf) 

.-. F=4 BXH. (Why T) 

Q. E. v. 

723. Formula for the volume of a circular cone. 
r=k n^E. 

Bz. 1. If, in a oone of revolution, H=^ and £^4, find B, T and V. 
Ex. 2. It the altitude of a cone of revolutioD equals the radius of 
the base, what do the formnlas for S, I and V become f 
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■:>C Proposition X. Theorem 

724. The lateral areas, or the total areas, of two simi- 
lar cones of revolution are to eaei other as the squares of 
their radii, or as the squares of their altitudes, or as the 
squares of their slant heights; and their volumes are to each 
other as the cubes of these lines. 




Given two similar cones of revolution having their 
lateral areas denoted by S and 8', their total areas by T 
and T, their volumes by V and V, their radii by B and 
R', their altitudes by B and H', and their slant heights by 
Land I/, respectively. 

To prove S: 8'=T: 'r' = Jl': B'^'= S'' : S^ = L' : lA; 
and Vi y> = ^ : R"'=H^ : H^=r' : L^. 
TT J? r. L + R 

(Whyf) 



o.« = 



TtRL ^R L ^R" ^I? __m 
TtR'U R! U R"" IP W^' ^^''^*' 
-^ _I? _W' 



tWhyT) 



1 T -nRjL^-R^ _R L + R 

3^ TtR'aZ + R') R' ly + R' R'^ IP H'^' 

(Why!) 

V inR'^H' R"^ H' R'^ H'^ i/*' 

Q. Z. D. 

725. Dep. An equilateral cone is a cone of revolution 
such that u section through the axis is an equilateral 
triangle. 
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X PBOPOsmoN XI. Tbeobem 
726. The lateral area of a frustum of a eone of revolu- 
tion is equal to one-half the sum of the circumferences of its 
bases mtiltiplied by its slant height. 




Given a frnstum of a eone of revolntion having its 
lateral area denoted by S, its slant height by L, the radii 
of its bases by R and r, and the circamferences of its bases 
by C and c. 

Toprove S=4 {C + c)XL. 

Proof. Let the fmstum of a regnlar pyramid be circom- 
scribed abont the given frnstnm. Denote the lateral arcji 
of the circnmscribed frnstnm by 8', the perimeter of the 
luwer base by P, and the perimeter of the upper base by p. 

The slant height of the circnmscribed frnstnm is L. 

Hence 8'=i (P + p)X L. Art.64.i. 

Let the pnptl complete the proof. 

727. Formula for the lateral area of a frustom of a cone 
of revolution. S=i {2 tiB + 2 jir) L. 

.-. 8=71 (B + r)L. 

728. Cob. The lateral area of a frustum of a cone of 
rf volution is equal to the product of the circumference of its 
Midsection by its slant height. 
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729. The volume of the frtistum of a circular cone t» 
equivalent to the volume of three cones, whose common alti- 
tude is the aUitnde of the frustum, and whose bases are the 
lower base, the upper base, and a mean proportional between 
the two bases. 



Glveo a frnBtom of a cirenlar cone having its volnme 
denoted by V, its altitude by S, the area of its lower base 
by B, and that of its apper base by &. 

To prove y=i S {B+b + v'BXb). 

Proof. Let the frustum of a pyramid with regular poly- 
gons for its baees be inecribed in the given frustum. 
Denote the volume of the inscribed frustum by W, and the 
areas of its bases by B' and b'. 

':. V = i H IB' + b' + VB' X 6'). (Whyi) 

If the number of lateral faces of the inscribed frustum 
be indefinitely increased. V will approach F, B' aod V 
approach B and h respectively, and B' X b' approach B X 
(, as limits. Art. 719. 

Hence, also, B' + ft'+v'i'xT' will approach B + 6 + 
VBy.h as a limit. Art. 253. 

Bat V= iH iB' +b' + -^B' x h') always. (Why T) 

.-. r=i S{B-\-b-^ y'BXb). (Whyl) 

9- M. 9. 
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780. Formula for the volume of the frustum of a circu- 
lar cone. 

r=iS (tiB^ + 717^ + Vjlfi^ X nr'). 
.-. r=i7lH(E'+r'+Rr). 



Ex. 1. The measuiement ot the TOlume of a frustum of a cone of 
revolution reduces to the measurement of the lengths of what atralgbt 
lines? 

Ex. 2. It a conical oil-can is 12 in. high, bow mnoh more tia is 
required to make it than to make a similar oil-can 6 in. high T How 
much more oil will it hold 1 

Ex. 3. The linear dimensions of a conical funnel are three times 
those of a similar funnel. How much more tin is reqnired to make 
the first I How much more liquid will it hold t 

Ex. 4- Make a similar comparison of cylindrical oil-tanks. Of 
ooDical canvas tents. 

EXERCISES. CROUP 70 

THBOEEMS CONCERNING CYLINDERS AND CONES 

Ex. 1. Any section of a cylinder of revolution through its axis is 
a rectangle. 

Ex. 2. On a cylindrical surface only one straight line can be 
drawn through a given point. 

[See. For if two straight lines could be drawn, etc.] 

Ex. 3. The intersection of two planes tangent to a oone is a 
straight line through the vertex. 

Ex. 4. It two planes are tangent to a cylinder, their line of inter- 
seotion is parallel to an element ot the cylinder. 

[Sua. Pass a plane X to the elements of the cylinder.] 

Ex. 6. If tangent planes be passed through two diametrically 
opposite elements ot a ciroular cone, these planes intersect in a 
straight line through the vertex and parallel to the plane of the base, 

Ex. 6. In a cylinder of reTolution the diameter of whose bsse 
equals the altitude, the volume equals oue-tbird the product ol the 
total enrface by the radins of the base. 
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/ Ex. 7. A cylinder and a cone of reTolution hare the same base 
ftbd the sKme altitude. Find the ratio of theit lateral aurfacea, and also 
of their volumes. 

Bz. 8. If ftn equilateral triangle whose aide ia a be revolved about 
one of its aides as an axis, find the area Kenerated in terms of a. 

Ex. 9. If a rectangle Trhose siden are a and b be revolved first 
K ftboDt tbe side a as an axis, and then about the aide b, find the ratio of 
the lateral areas generated, and also of tbe volumes. 

Bx. 10. Tbe bases of a cylinder and of a oone of leTolation are 

~P ooucentrio. The two solida have the same altitude, and the diameter 
of tbe base of the oone is twice the diameter of the base of the cylin- 
^ der. What kind of line is the interaectioa of tbeir lateral anrfacea, 
and how far is it from the base I 

(^ Ex. 11. Determine the same when the radina of the oone is threa 



u 



timea the radius of the cylinder. Also when, r timea. 

Ez. 12. Obtain a formula in terma of r for the volume of the 
frustum of an equilateral cone, in which the radius of tbe upper base 
ia r and that of tbe lower base ia 3r. 

Ez. 13. A regnlar hexagon whose side is a revolves about a diag- 
onal through the center as axis. Find, in terms of a, the surface 
and volume generated. 

Bx. 14. Find the loons of B point at a given distanoe from a given 
strught line. 

Bx. IS. Find the locus of a point whose diatauce from a given 
line is in. a given ratio to its distance from a fixed plane perpen- 
dicular to the line. 

Ex. 16. Find the loeua of all straight lines which make a given 
angle with a given line at a given point. i 

Ex. 17. Find the locus of all straight lines which make A glrem 
angle with a given plane at a given point. 

Ex. 18. Find the locus of all points at agiven dis- 
tance from tbe aartaoe of a given cylinder of revolution. 

Ex. 19. Find thelocua of all pointa at a given dis- 
tuice from tbe surface of a given oone of revolutton. 
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EXEROISEt. CROUP 71 

PROBLEMS CONCERNING THE CYLINDER AND CONE 

Ex. 1. Through a given element ot a circular cylinder, pass a 
plane tangent to the cylinder. 



Ex. 8. About a given circular cylinder 
a regular polygon for ita base. 

Ex. 4. Through a gireu point outside a circalar cylinder, pass a 
plane tangent to the cylinder, 

Ex. 6, Through a given point outside a given circular cone, pass 
a plane tangent to the cone. 

[Sco. Through the vertex of the cone and the given point pass a 
line, and produce it to meet the plane of the base.} 

Ez. 6. Into what aegments must the altitude of a oneot revolution 
be divided bv a plane parallel to the baae, In order that the volume nf 
the cone be bisected ? 

Ex. 7. Divide the lateral surface o/ a given cone of revolution into 
two equivalent parts by a plane parallel to the base. 

Ex. 8. If the laferul surface of a cylinder of revolution be cut 
along one element and unrolled, what sort of a plane fignre is formed T 

Hence, out of cardboard construct a cylinder of revolution with 
given altitude and given circumference. 

Ex. 9. It the lateral Hurfa^e of a cone of . revolution be cut along 
one element and unrolled, what sort of a plane figure is formed I 

Hence, out of cardboard construct a cone of revolution of given 
slant height. 

Ex. 10. Construct an equilateral cone out of pasteboard. 

Ex. 11. Construct a frustum of a cone of revolution out of paate- 
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Book IX 
THE SPHERE 

7S1. A sphere is a solid bounded by a surface all 
points of which are equally distant from a point within 
called the center. 




782. A sphere may also be defined as a solid generated 
ty the revolution of a semicircle about its diameter as an 
axis. 

. Some o[ the properties of a sphere niRy be obtained more readily 
from one of the two definitions given, and some from the other. 

A sphere is named b; naming the point at its center, or by naming 
three or more points on its surface. 

73S. A radius of a sphere is a line drawn from the 
center to any point on the surface. 

A diameter of a sphere is a line drawn through the 
center and terminated at each end by the surface of the 
sphere. 

734. A line tangent to a sphere is a line having but one 
point in common with the surface of the sphere, however 
far the line be produced. 

(425) 
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735. A plane tangent to a sphere is a plane having bht 
one point in common with the surface of the ephere, how- 
ever far the plane be produced. 

736. Two spheres tai^ent to each other are spheres - 
whose surfaces have one point, and only one, in common. 

737. Properties of a sphere Inferred immediately. 

1. All radii of a sphere, or of equal spheres, are equal. 

2. All diameters of a sphere, or of equal spheres, are 
equal. 

3. Tujo spheres are equal if their radii or their diame' 
tf.rs are equal. 



Proposition I. Theorem 
788. A section of a sphere made by a plane is a .circle. 




Given the sphere 0, and PCI) a section made by a plane 
cutting the sphere. 

To prove that PCD is a circle. 

Proof. From the center 0, draw OA X the plane of 
the section. 
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Let (7 be a fixed point on the perimeter of the section, 
and P any other point on this perimeter. 
Draw AO, AP, 00, OP. 

Then the i OAF and OAC are rt. .& . Art. 605. 

0P=00. (Wh7T) 

OA = OA. (Why I) 

A OAP= A OAC. {Wb7 1) 

.-. AP=AC. (Whyt) 

Bat P is any point on the perimeter of the section PCD. 

.: every point on this perimeter is at the distance AO 

from 4- 

.■. PCD is a circle with center A. Art. 107. 

Q. E. s. 

789. Cor. 1. Circles which are sections of a sphere 
made by planes equidistant from the center are equal; and 
conversely. 

740. Cob. 2. Of two circles on a sphere, the one made 
hy a plane more remote from the center is smaller; and 
conversely. 

lAi\. Dep. a great circle of a sphere is a circle whose 
plane passes through the center of the sphere. 

743. Def. a small circle of a sphere is a circle whose 
plane does not pass through the center of the sphere. 

743. Def. The axis of i circle of a sphere is the 
diameter of a sphere which is perpendicular to the plane of 
the cirele. Thus, on figure p. 426, BB' is the axis of PCD. 

744. Dep. Tlie poles of a circle of a sphere are the 
extremities of the axis of the circle. Thus, B and Bf, of 
figure p. 426, are poles of the cirele PCD. 
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745. Properties of circles of a sphere Inferred imme- 
diately. 

1. The axis of a circle of a sphere passes through the 
center of the circle; and conversely. 

2. Parallel circles have the same axis and the same poles. 

3. All great circles of a sphere are equal. 

ir^^very great circle on a sphere bisects the sphere and 
its surface, 

5. 3}wo great circles on a sphere bisect each other. 

For the line of intersection of the two planes of the 
circles passes throngh the center, and hence is a diameter 
of each circle. 

6. Through two points {not the extremities of a diameter) 
on the surface of a sphere, one, and only one, great circle can 
be passed. 

For the plane of the great circle must also pass through 
the center of the sphere (Art. 741), and through three 
points not in a straight line only one plane can be passed 
(Art. 500). 

7. Through any three points on the surface of a sphere, 
not in the same plane with the center, one small circle, and 
only one, can be passed. 

746. Def. The distance between two points on the sur- 
face of a sphere is the length of the minor arc of a great 
circle joining the points. 

Ex. 1. It the radius o( a sph 
circle on the Bpheie made tiy a pi 

Q the earth's surface are great, 

Ex. 3. What is the largest number of points io which two oirclea 
■n the surface of a sphere can interseet T Why I 
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Proposition II. Theorem 

747. All points in the circumference of a circle of a 
sphere are egually distant from each pole of the tnrcle. 




Given ABC a circle of a sphere, and P and P' ita poles. 

To prore the arcs PA, PB, PO equal, and arcs P'A, 
F'B, P'C equal. 

Proof. Draw the chords PA. PB, PC. 

The chords PA, PB and PC are equal. Art. 618. 

.■. arcs PA, PB and PC are equal. Art. 218. 

In like maoDer, the arcs P'A, PB and F'C may be 
proved equal. 

Q. E. B. 

74S. Def. The polar distance of a small circle on a 
sphere is the distance of any point on the circumference of 
the circle from the nearer pole. 

The polar distance of a great circle oa a sphere is the dis- 
tance of any point on the circumference of the great circle 
from either pole, 

749. Cor. The polar distance of a great circle is the 
quadrant of a great circle. 
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Proposition III. Theoeem 

780. If a point on the surface of a sphere is at a quad- 
rant's distance from two other points on the surface, it is 
the pole of the great circle through those points. 




Given PB and PC quadrants on the sarfaee of the 
sphere 0, and ABC a great circle through B and C. 

To prove that P is the pole of ABC. 

Proof. From the center draw the radii OB, 00, OP. 

The arcs PB and PC are quadrants. (Why T) 

.'. ^POB and POO are rt. A. (Whjt) 

.-. PO 1 plane ABO. (Why T) 

.-. P is the pole of the great circle ABC. (Why T) 
9. E. ». 

751. Cob. Through two given points on the surface of 
a sphere to describe a great circle. 

Let A and B be the given points. 
From A and B as centers, with a 
quadrant as radius, describe arcs 
on the surface of the sphere inter- 
secting at P. With P as a center 
and a quadrant as a radius, describe a great circle. 
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Proposition IV. Theorem X 
752. A plane perpendicular to a radius at its extremity 
is tangent to the sphere. 




Given the sphere 0, and the plane MN ± the radins OA 
of the sphere at its extremity A. 

To prove MN" tangent to the sphere. 
Proof. Take Pany point in plane 3f^ except A. Draw 
OP. Then OP > OA. (VfhjJ) 

-•- the point P is outside the surfaoe of the sphere. 
But P is auy point in the plane MN except .4. 
.*. plane MN is tangent to the sphere at the point A, 
(for every point in lAs ptan«, except A , ia ouUCde the surf one <^ the tjAere). 
Art. 735. Q. E. D. 

758. Cor. 1. A plane, or a line, which is tangent to a 
sphere, is perpendicular to the radius dravm to the point of 
contact. Also, if a piane is tangent to a sphere, a perpendicu- 
UiT to the plane at its point of contact passes through the center 
of the sphere. 

754. Cob. 2. A straight line perpendicular to a radius 
of a sphere at its extremity is tangent to the sphere. 

765. Cor. 3. A straight line tangent to a circle of a 
sphere lies in the plane tangent to the sphere at the point of 

contact. 
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766. Cob. 4, A straight line drawn in a tangent plane, 
and through the point of contact is tangent to the sphere at 
that point. 

757. Cor. 5, Ttco straight lines tangent to a sphere at 
a given point determine the tangent plane at that point. 

758. Dep. a sphere circumscribed about a polyhedroa 
is a sphere in whose surface lie all the vertices of the 
polyhedron, 

759. Dep. A sphere Inscribed In a polyhedron is a 
sphere to which all the faces of the polybedroD are tangent. 

Proposition V. Problem 

760. To circumscribe a sphere about a given tetro' 
hedron. 



.s^- 




Given the tetrahedron ABCD. 

To ciTcamscrlbe a sphere about ABCD. 

Construction aud Proof. Construct E and Fthe centers 
of circles circumscribed about the & ABO and BCD, re- 
spectively. Art, 286. 

Draw EH 1 plane ABO and FK ± plane BCD. Art;, 614. 

Draw EQ aud FQ to (? the midpoint of BO. 
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Then EG aud FO are X BO. Art. lis. 

.-. plane EGF ± BC. Art. 609. 

.•. plane EQF X plane ABC. Art. 655. 

.-. EH lies in the plane FQE. Art. 668. 

In like manner FK lies in the plane FQE. 

The lines EQ and F6 are not ||, 

{for they fiteet in the point G). 
/. the lines EH and FK are not !l . Art. 122. 

Hence ER must meet FK in some point 0. 
But £^ is the locus of all points equidistant from A, 
B and C; and FK is the locus of all points equidistant 
from B, and D. Art. 520. 

.'. 0, which is in both EU and FK, is equidistant from 
A, B, CaaAD. (Whjt) 

Hence a spherical surface constructed with as a center 
and OA as a radius will pass through A, B, C and D, and 
form the sphere required, q. i. f. 

761. CoE. 1, Four points not in tAe same plane deter- 
mine a sphere. 

762. Cob. 2. The four perpendiculars erected at the 
centers of the faces of a tetrahedron meet in a point. 

763. Cor. 3, The six planes perpendicular to the edges 
of a tetrahedron at their midpoints intersect in a point. 

764. Def. An angle fonned by two curves is the angle 
formed by a tangent to each carve at the point of inter- 
section. 

765. Def. A spherical angle is an angle formed by 
two intersecting arcs of great circles on a sphere, and 
hence by tangents to these arcs at the point of intersection. 
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■A-* . Phoposition VI. Probleu 

766. To inscribe a sphere in a given tetrahedron. 




Given the tetrahedron ABCD. 

To Inscribe a sphere in ABCD. 

Construction and Proof. Bisect the dihedral angle D- 
.iB-C by the plane OAB; similarly bisect the dihedral A. 
whose edges are BG and AG by the planes OBC and OAG, 
respectively. 

Denote the point in which the three bisecting planea 
intersect by 0. 

Every point in the plane OAB is equidistant from the 
faces DAB and CAB. . Art. 562. 

Similarly, every point in OBC is equidistant from the 
two faces intersecting in BO, and every point in OAO is 
equidistant from the two faces intersecting in AG. 

:. is equidistant from all four faces of the tetra- 
hedron. Ax. 1. 

Hence, from O as a center, with the X from to any 
one face as a radius, describe a sphere. 

This sphere will be tangent to the four faces of the 
tetrahedron and .*. inscribed in the tetrahedron. Art. 759. 

Q. Z. F. 

767. Cor. The planes bisecting the six dihedral angles 
of a tetrahedron meet in one point. 
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Pkoposition VII. Problem y 
768. TojinA (Ae radius of a given material sphere, 
f 




Ply. 2 



Wb.8 



Given the material sphere 0. 

To construct the radius of the sphere. 

Construction. With any point P (Fig. 1) of the surface 
of the sphere as a pole, describe any convenient circum- 
ferencf on the surface. 

On this circumference take any three points A, B and 0. 

Constract the A ABO {Fig. 2) having as sides the three 
obords AB, EG, AO, obtained from Pig. 1, by use of the 
compasses. ah. 263. 

Circumscribe a circle about the A ABO. Art. 286. 

Let KB be the radius of this circle. 

Construct (Pig. 3) the right A A:p6, having for hypot- 
enuse the chord pb (Pig. 1) and the base kb. Art. 284. 

Draw bp' ± bp and meeting pk produced at p'. 

Bisect pp' at 0. 

Then op is the radius of the given sphere. 

Proof. Let the pupil supply the proof. 
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Proposition VIII. Theorem 

769. The intersection of two spherical surfaces is the 
circumference of a circle whose plane is perpendicular to the 
line joining the centers of the spheres, and whose center is ip 
that line. 




Given two interBecting ® O and (f which, by rotation 
about the line 0(y as an axis, generate two intersecting 
spherical surfaces. 

To prove that the intersection of the spherical surfaces 
is a O, whose plane X 00', and whose center lies in 00". 

Proof. Let the two circles intersect in the points P and 
Q, and draw the common chord PQ. 

Then, as the two given ® rotate about OOf as an axis, 
the point P will generate the line of intersection of the two, 
spherical surfaces that are formed. 

But PB is eonstantly X GO'. Art. 241, 

.*. PB generates a plane X 00" Art. 510. 

Also PB remains constant in length. 

.-. P describes a circumference in that plane. Art. 197. 

Hence the intersection of two spherical sorfaces is a O, 
whose plane X the line of centers, and whose center is in 
the line of centers. 

9. X. 9. 

The above damonstration U an illustration cf the use of the Bocoad 
deOnitioD of a sphere (Art. 732). 
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770. A spherical angle is measured by the are ofagreat 
circle described from the vertex of the angle as a pole, and 
included between its sides, produced, if necessary. 




Given Z BAO a. spherical angle formed by the intersec- 
tion of the arcs of the great circles BA and CA, and BO 
&a arc of a great circle whose pole is A. 

To prOTe Z£j40 measured by arc BO. 

Proof. Draw AJ) tanRent to AB, and AF tangent to 
AC: Also draw the radii OB and 00. 



Then 
Also 



Similarly 



AD X AO. Art. 230. 

OB ± AO {for ABU a quadrant). 
\ OB WAD. (Whyt) 

OC II AF. 

:. L B00= I DAF Art. B38. 

Bat I BOO is measured by arc BO. Art. 257. 

.•. LDAF, that is, IBAO, is measured by arc BO^ 

Us- <w^y*' 

^ Q. 1. S. 

771. Cob. A spherical angle is egual to the plane angle 
of the dihedral angle formed hn the planes of its sides. 
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SPHBBICAI TRIAHGLBS AlfD POLYGONS 

772. A Spherical polygon is a portiou of the aorface of 
a sphere bonDded by tbree or more 
arcs of great circles, as ABGD. 

The sides of the spherical polygon 
are the boanding arcs; the vertices 
are the points in which the sides in- 
tersect; the angles are the spherical 
BDgles formed by the sides. 

The aides of a spberioal polygon are usually limited to arcs leas 




773. A spherical triangle is a spherical polygon of tbree 
sides. 

Spherical triangles are classified in the same way as 
plane triangles; viz., as isosceles, equilateral, scalene, 
right, obtuse and acute. 

774. Relation of spherical polygons to polyhedral angles. 
If radii be drawn from the center of a sphere to the ver 
t ices of a spherical polygon on its surface (as OA, OB, 
etc., in the above flgnre), a polyhedral angle is formed ai 
0, which has an important relation to the spherical poly 
gon ABCD 

Each face angle of the 'polyhedral angle equals (tw num 
her of degrees contained) the corresponding side of the spheri 
col 



Each dihedral angle of the polyhedral angle equals the 
corresponding angle of the spherical polygon. 

Hence, corresponding to each property of a polyhedral 
angle, there exists a property of a spherical polygon, and 
conversely. 
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Hence, also, a trihedral angle and its parts correspond 

to a spherical triangle and its parts. 

Of the common propertieB of a. polybeArftl angle and a apberie&l 
polfgon, some are diBOOvared more rnadily from the one fignre and 
aome from the other. In geuaral, tbe epberical polygoii is simpler 
to deal with than a polyhedral angle. For mstaace, if a trihedral 
angle were drawn with the plane angles of its dihedral angles, nine 
lines would be nsed, forming a complicated figure in solid space; 
whereas, tbe same magnitudes are represented in a spherical triangle 
by three lines in an approximately plane figure. 

On the oth^ hand, the spherical polygon, beoanse of its lack of 
detailed parts, is often not so suggestive of properties as the poly- 
hedral angle. 



Proposition X. Theorem 

775. The sum of two sides of a spherical triangle is 
greater than the third side. 




Given the spherical triangle ABC, of which no side is 
larger than AB. 

To prove AO+BOAB. 

Proof. From the center of the sphere, 0, draw the radii 
OA, OB, OC. 

Then, in the trihedral angle (hABC, 

ZAOO+^BOG > AOB. Art. 582. 

.-. AO-i-BC> AB. Art. 774. 

<}. 1.0, 
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776. Cob. 1. Any side of a spherical triangle is greater 
than the difference between the other two sides. 

Til, Cor. 2. The shortest path between two points on 
the surface of a sphere is the arc of the great circle joining 
those points. 

For any other path between the two points may be 
made the limit of a series of arcs of great circles connect- 
ing Bucceesive points on the path, and the Bam of this 
series of arcs of great circles connecting the two points is 
greater than the single arc of a great circle connecting 
them. 

Proposition XI. Theorem 

778. The sum of the sides of a spherical polygon is less 
than 360°. 




Given the apherical polygon ABOD. 
To prove the sum of the sides of ABGD < 360°. 
Proof. From 0, the center of the sphere, draw the radii 
OA, OB, 00, OD. 

Then lAOB-\- £BOG-\- lGOI>-\- IDOA < 300". 

(Why I) 
.*. AB-\-BC-{- CD + DA < 360°. Art. 774. 
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779. Dep. The polar 
triangle of a given triangle 
is the triangle formed by 
taking the vertices of the 
given triangle as poles, and 
describing arcs of great cir- 
cles. (Hence, if each pole 
be regarded as a center, the radius used in describing each 
arc is a quadrant. ) Thus A'B'O'is the polar triangle of 
ABC; also D'E'F' is the polar triangle of DEF. 




Proposition XII. Theobeu 

780. If one spherical triangle is tke polar of another, 
then the second triangle is the polar of the first. 




Given X'B'C the polar triangle of ABC. 

To prove ABO the polar triangle of A'B'C. 

Pnxrf. B is the pole of the arc A'C. Art. 779. 

.*. arc A'B is a quadrant. (Why t) 

Also C is the pole of the arc A'B'. (Why 1) 

:. arc A'C is a quadrant. (Why t) 

.'. A' is at a quadrant's distance from both B and C. 

.: A' is the pole of the arc BC. Art. T50. 

In like manner it may be shown that B' is the pole of 
AC, and C the pole of AB. <(. t. p. 
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Proposition XIII. Theobeh 

781. In a spherical triangle and its polar, each angle of 
one triangle is the supplement of the side opposite in the 
other triangle. 



~,x 




Given the polar A ABO and A'B'C with the sides of 
JBC denoted by a, 6, c, and the sides of A'B'C denoted 
by a', b', &, respectively. 

To prove A-\-a'=\m°, B-\-h'=\m°, C+c'=180°, 
^' + .1=180°, B' + b = 180°, C + c = 180°. 

Proof. Produce the sides AB and AC till they meet 
B'd in the points i> and F, respectively. 

Then B' is the pole of AF :. arc B'f =90°. Art. 7bo. 

Also C is the pole of AD .: arc C'D=90°. (Whj?) 

Adding, £'^ + ^-0=180°. (WhyT) 

Or B'F + FC + DF= 180° . Ax. 8. 

Or B'0' + I>-F=180°. 

ButB'C=o',andi>Pia the measure of the lA. Art. 770. 
.-. ^ + n' = 180''. 

In like manner the other supplemental relations may be 

proved as specified. 

«. E. ». 

782. Dep. Supplemeatal triangles are two spherical 
triangles each of which is the polar triangle of the other. 

This new name for two polar triangles is dne to the 
property proved in Art. 781. 
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Proposition XIV. Theorem 

783. Tkesum-of the angles of a spherical triangle ia 
greater than 180°, and less than 540°. 



Given the epherioal triangle ASO. 
To prove A+B+ C> 180° and < 540". 
Proof. Draw A'B'C, the polar triangle of ABO, and 
denote its aides by a', b', c'. 

Then A + a' = 180° 1 

B^V = 180° [ Art. T81. 

C + c' = 180° ' 
.\A-\-B+C-\-a' + b'-\-c' = 540°. . . (1) Ax. a. 
But ( a' + S' + c' < 360' Art. 778. 

t rt' + *' + c' > 0° 
Subtracting each of these .in turn from (1), 

A -\- B Jr C> 180° and < 540°. Ai. ii. 

I). Z. B. 

784. Cor, A spherical triangle may have one, two or 
three right angles; or it may have one, two or three obtuse 
angles. 

785. JDbf. a birectangular spherical triangle is a spher- 
ical triangle containing two right angles. 

786. Dep. a trlrectangutar spherical triangle is a 
spherical triangle containing three right angles. 
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787. Cor. The surface of a sphere may be divided into 
^ eight irirectangular spherical triangles. For let three planes 

J. toeaehotherbepassedthrough the center of a sphere, etc. 

788. Dep. The spherical excess of a spherical triangle 
is the excess of the sum of its angles over 180°. 

789. Def. Symmetrical spherical triangles are triangles 
which have their parts equal, but arranged in reverse order. 




■ Three planes passing through the center of a sphere 
form a pair of symmetrical spherical triangles on opposite 
Bides of the sphere (see Art. 580), as A ABO and A'B'C 
of Pig. 1. 

790. Equivalence of symmetrical spherical triangles. 
Two plane triangles which have their parts equal, bnt ar- 
ranged inreverse ^ p ' 
order, may be 
made to coincide 
by lifting up one 
triangle, turning 
it over in space, and placing it upon the other triangle. 

But two symmetrical spherical triangles cannot'be made 
to coincide in this way, because of the curvature of a 
spherical surface. Hence the equivalence of two sym- 
metrical spherical triangles must be demonstrated in some 
indirect way. 
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791. Property of symmetrical spherical triangles. Two 
isosceles symmetrical spherical triangles are equal, for they 
can be made to coincide. 

Proposition XV. Theorem 

792. 1^0 symmetrical spherical triangles are equivalent. 




Given the aymmetrical apherical A ABC and A'B'C", 
formed by planes passing throngb O, the center of a sphere. 
(See Art. 789.) 

To prove a ABCo^ A'B'C. 

Proof. Let Pbe the pole of a small circle passing through 
the pointe A, B, C. Draw the diameter POP'. 

Also draw PA, PB, PC, P'A', P'B', P'C, all area of 
great ®. 

Then PA = PB = PC. Art. 747. 

AIbo P'A' = PA, P'B' = PB, P'C = PC. 

Arts. 78,216. 
..•.P'A' = P'B'=P'C'. Ax. 1. 

Hence PAB and P'A'B' are symmetrical isosceles A 

:. APAB^AP'A'B'.] 
Similarly A PAO=AP'A'C.l Art. 79i. 

And A PBC= A P'B'C.) 

Adding A PAB+ APAO+A PBG 

^AP'A'B'+A P'A'C+A P'B'C. Ai. 2. 

Or AABC^^AA'B'C. as. a. 

In case the poles P and P' fall outside the A ABC and 
A'B'C, let the punil suoply the demonstration. 9. t b. 
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Proposition XVI. Theorem 

798. On the same sphere, or on etjual spheres, two tri- 
angles are equal, 

I. If two sides and the included angle of one are equal to 
two sides and the included angle of the other; or 

II. If two angles and the included side of one are equal 
to two angles and the included side of the other, 

the corresponding equal parts being arranged in the same 
order in each case. 




I. Given the spherical A ABC and DEF, in which 
AC=DF, CB=FE, and IG=LF. 

To prove A A B0= A DEF. 

Proof. Let the pnpil supply the proof (see Book I, 
Prop. VI). 

II, Given the spherical A ABO and DEF, in which 
IC=IF, ^B = ZI!, and CB=FE. 

To prove A ABO= A DEF. 

Proof. Let the pupil supply the proof (see Book I, 
Prop. VII) . 

Ex. 1. It the line of centers of two spheres is lOin., and the radii 
are 12 in. and 3 in., how are the spheres situated with reterenae to 
each other I 

Ex. 2. The t&nk on a motor car is a cylinder 3S inches long and 
IS inches in diameter. How many gallons of gasolene will it bold T 

Ez. 8. Id an equilateral cone, find the ratio of the lateral area to 
the area of the base. 
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Proposition XVII. Theorem 

794. Ob the same sphere, or on equal spheres, two tri- 
angles are symmetrical and equivalent, 

I. If two sides and the included angle of one are equal to 
two sides and the inclwded angle of the other; or 

II. If two angles and the included side of one are equal 
to two angles and the included side of the other, 

the corresponding equal parts being arranged in reverse 





I. Given the spherical & ABC and DEF, in which AB 

= DE, AC = DF, and ^A = £D, the corresponding parte 
being arranged in reverse order. 

To prove A ABC symmetrical with A DBF. 

Proof. Construct the Aiyff'J* symmetrical with t^DEF. 

Then A ABC may "oe made to coincide with A D'F'F', 
Art. 793. 
(having tao sides and the included £ equal and arranged t» the 
game order). 

But A lyE'I^ is symmetrical with the A DEF. 
,: A ABC, which coincides with A D'E'F, is symmet^ 
rical with A DEF. 

II. The second part of the theorem is proved in the 
game way. 
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Proposition XVIII. Tbeobem 

795. // two triangles on the same sphere, or equal 
spheres, are mutually equilateral, they are also mutuallp 
equiangular, and therefore equal or symmetrical. 



Giyea two mutually equilateral spherical A ABC and 
A'B'C on the same or on equal spheres. 

To prove & ABC and A'B'C equal or symmetrical. 

Proof. From and O", the centers of the spheres to 
"wliich the given triangles belong, draw the radii OA, OB, 
OC, CA', OB', (yc. 



:. A of spherical A ^BC= homologous i of spherical 
£^ A'B'C. Art. 774. 

,'. the &i ABC and A'B'C are equal or symmetrical, 
according as their homologous parts are arranged in the 
same or in reverse order. Art, 789. 

796. Note. The conditiouB in Props. XVI and XVIIInhich make 
two Bpherical trianglea equal are the name as those irhich make 
two plane triangles eqaal. Henee many other propositions occar in 
spherical geometry which are identical with corresponding proposi- 
tions in plane geometry. Thas, many o( the construction problems of 
spherical geometry are solved in the same way as the correspond ing 
constnictioQ probleniB io plane geometry; as, to bisect a given 
Angle, etc. 
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Proposition XIX. Theorem 

797. If two triangles on the same sphere are mutually 
equiangular, they are also mutually equilateral, and there' 
fore equal or symmetrical. 



-/^X 



Given the mutually equiangular upberieal & Q and v 
on the same sphere or ou equal spheres. 

To prove that Q and Q' are mutually equilateral, and 
therefore equal or symmetrical. 

Proof. Construct P and 1" the polar A of Q and Q', 
respectively. 

Then & P and P' are mutually equilateral. Art. 781. 

.*. A P and P' are mutually equiangular. Art. 795. 

But Q is the polar A of P, and Q' of P. Art. 780. 

,*. A Q and Q' are mutually equilateral. Art. 781. 

Hence Q and Q' are equal or symmetrical, according aa 
their homologous parts are arranged in the same or in 
reverse order. Art. 789. 

q. X. D. 

798. Cor. If two mutually equiangular triangles are 
on unequal spheres, their corresponding sides have the same 
ratio as the radii of their respective spheres. 
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Proposition XX. Thbobbm 
799. In an isosceles spherical triangle the angles oj^- 
site the equal sides are egual. 




Given the spherical A ABC in which AB=AO. 
To prove IB= IC. 

Proof. Draw an arc from the vertex A to D, the mid- 
point of the base. 

Let the pupil supply the remainder of the proof. 

Proposition XXI. Theorem (Conv. op Prop. XX) 
800. If tieo angles of a spherical triangle are egiial, the 
sides opposite these angles are equal, and the triangle is 
isosceles. 



O 



I 



Given the spherical A ABC in which /CB= 10. 
To prove AB=AC. 

Proof. Construct A A'B'O the polar A of ABC. 
Then A'(y=A'B'. Art. 781. 

.-. ZC= CB'. Art. 799. 

.•. AB = AG. Art. 781, 

4). B. D. 
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Proposition XXII. Theorem 

801. In any spherical triangle, if two angles are mm- 
egual, the sides opposite these angles are unequal, and the 
greater side is opposite the greater angle, and CoNVEBSELY. 




Given the spherical A ABC in which £BAC is greater 
than ZC. 

To prove BC > BA. 

Proof. Draw the are AD making ZJ>A<7 equal to ZC 
Then DA = DC. ah, 800. 

To each of these equals add the are BD. 

.: SD+DA = BD+ DC, or BG. (Why T) 

But in A BDA, BD-\-DA > BA. (Why t) 

.-. BC > BA. . Ax. 8. 

Let the pupil prove the converse hy the indirect method 

(see Art. 106). 

Q. 1. B. 

Ex. 1. Bisect it givea apherioal angle. 
• Ei. 2. Bisect a given aro of a great circle on a sphere. 

Ex. S. At a given, point In an aro on a sphere, oonstruot an angle 
equal to a given epberical angle on the same sphere. 

Ex. 4. Find the loeus of the canters of the oiroles of a sphere 
formed by planes perpendionlat to a given diameter of the given 
iphere. 
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SPHERICAL AKEAS 



A Spherical surface 



802. Dnits of spberical surface, 
may be meagnred in terms of, either 

1. The customary units of area, ae a square inch, a 
sqaare foot, etc., or 

2. Spherical degrees, or spherids. 

SOS. A spherical degree, or spherld, is one -ninetieth 
part of one of the eight trirectangular triangles into which 
the surface of a sphere may be divided (Art. 787), or-rir 
part of the surface of the entire sphere, 

A wild degree is one-Dinetieth part at a ttlrectangular angle (see 
Art. 77*). 

804. A lune is a portion of the surface of a sphere 
bounded by two semicircumferenees p 

of great circles, as PEPC of Fig. 1. 
The angle of a lune is the angle 
formed by the semicircumferenees 
which bound it, as the angle BPC. 

805. A zone is the portion of the 
surface of the sphere bounded by 
two parallel planes. 

A zone may also be defined as the sur- 
face generated by an aro of a revolving 
Bemicircaiutereiice. Thus, if QF^ (Fig. 2) 
generates a sphere by rotating about Q^, 
its diameter, any arc of QF<^, as EF, 
generates a zone. 

806. A zone of one base is a zone 
one of whose bounding planes is 
tangent to the sphere, as the zone 
generated by the are QE of Fig, 2, 

807. The altitude of a zone is the perpendicular dis~ 
tance between the bounding planes of the zone. 

The bases of a zone are the circuiuferences of the ciroles 
of the sphere formed by the bounding planes of the aone. 
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Peoposition XXIII. Theorem 

808. The area generated by a straight line revolving 
about an axis in its plane is equal to the projection of the 
line upon the axis, multiplied by the circumference of a circle 
whose radius is the perpendicular erected at the midpoint of 
Ike line and terminated bp the axis. 



.-A 



Given AB and XY in the same plane, CD the projection 
of AB on XT. PQ the ± bisector of AB; and a surface 
generated by the revolution of AB about XY, denoted as 
"area AB." 

To prove area AB=: CDX2 nPQ. 

Proof. 1. In general, the surface generated by AS is 
the surface of a frustum of a cone (Pig. 1). 

.-. area AB=AB X 2 nPB. Art. 728. 

Draw AFA. BD, then 

&. ABF and PQB are similar'. Art. 328. 

.-. AB : AF=PQ -. PB. (Why I) 

.-. AB X PB=AFX PQ, or CD X PQ. (Why t) 

Sabstituting, area -45 = 01) X 2 jtPQ. Ai. 8. 

2. If ^BllXr (Fig. 2), the surface generated by JB 
is the lateral surface of a cylinder. 

.-. area AB= CD X 2 nPQ. Art. 697. 

3. If the point A ties in the axis XY (Fig. 3), let the 
pupil show that the same result is obtained. 9. i. p. 
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Proposition XSIV. Theorem 

809. The area of the surface of a sphere is equal to the 
product of the diameter of me sphere by the circumference 
of a great circle. 



Given a sphere generated by the revolution of the semi> 
circle AOE about the diameter AE, witii the sarface of the 
sphere denoted by S, and its radius by B. 
To prove 8=AB X 2 rxE. 

Proof. Inscribe in the given semieirele the half of a 
regular polygon of an even number of sides, as ABCDE. 

Draw the apothem to each side of the semipolygon, and 
denote it by a. 

From the vertices B, C, D draw 1 to AE. 
Then area AB=AFX2 na. ] 

area BC= F0X2 na. I 
area CD=0KX2 -m. \ *'*■ ^^" 

area»E=B:EX2 na.) 
Adding, area ABCDE=AE X2-m. 
If, now, the number of sides of the polygon be indefl- 
nitely increased, 

area ABODE approaches S as a limit. Art. 441. 
And a approaches E as a limit. (Why T) 

.•. AE X 2 7ta approaches AE X 2 TtB as a limit. fWhy T) 
But area ABCDE=AE X 2 jia always. 

,-. 8=ASX2 7iB. (WhyT) 
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810. Fonntilas for area of BUiface of a Sphere. 

Substituting for AE its equal 2 B, 8=i n^. 

Also denoting the diameter of the sphere by D, E=iD. 

:. 8=*n(^y,or8=7iD». 

811. CoE. 1. The surface of a sjpAere is equivalent to four 
limes the area of a great circle of the sphere. 

812. Cob. 2. The areas of the surfaces of two spheres 
are to each other as the sguares of their radii, or of their 
diameters. 

For, if ;S and S" denote the snrfaces, B and Bf the radii, 
and J> and jy the diameters of two spheres, 

8 _ 4 Ttfla B^t 8 -nifi J^ 

8' 4jiB'^ R'"-' ^'^''S' njy^ B^' 

818. Property of the sphere. The following property of 

the sphere is used in the proof of Art. 809: If, in the generai- 
ing arc of any zone, a broken line be inscribed, whose vertices 
divide the arc into equal parts, then, as the number of these 
parts is increased indefinitely, the area generated by the broken 
line approaches the arm of the zone as a limit. Hence 

COE, ,3. The area of a zone is equal to the circumference 
of a great circle multi^ied by the altitude of the zone. 

Thus the area generated by the arc BC = TO X 2 nB. 

814. CoE. 4, On the same sphere, or on equal spheres, the 
areas of two zones are to each other as the altitudes of the 

! Ex. 1. Find the area of a sphere whoae diameter is 10 in. 

Ex. 2. Fiud tlie area of a zone of altitude 3 in., on a Bpher« whose 
radios ia 10 in. 
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, Proposition XXV. Theorem 

815. The area of a lune is to the area of the snr- 
face of ike sphere as the angle of the lune is to four right 




CIven a sphere having its area denoted by 8, and on the 
sphere the lune ASGD ot £A with its area denoted by L. 

To prore L -. 8=A° -. 360°. 

Proof. Draw FBH, the great O whose pole is A, inter- 
secting the bounding arcs of the lune in B and D. 

Case I. When the arc BD and the circumference FBH 
are commfnsurable. 

Find a common measnre of BD and .FBH, and let it be 
contained in the arc BD m times, and in the circumference 
FBSn times. 

Then arc BB : circumference FBH=m : n. 

Through the diameter AC, and the points of division of 
the circumference FBH pass planes of great ® . 

The arcs of these great ® will divide the surface of the 
sphere in n small equal Innes, r» of them being contained 
in the lane ABGD. 

:. L : S=m ; n. 
.'. L: S=axc BD : circumference FBH. (Why !) 

Or £: ^=4" : 360". Art. 257. 

Case II. When the arc BD and the circumference FBH 
are incommensurable. 

Let the pupil supply the proof. 4. 1. n. 
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816. Fonnula for the area of a luae In spherical degi-ees, 
or spherlds. The surface of a sphere contains 720 spherids 
(Art. 803). Henee, by Art. 815, 

■•i"'- 72o'spbe'rtL = 3|- ■• f =^£ISZ^ES) 
that is, the area of a lune in spherical degrees is equal to 
twice the number of angular degrees in the angle of the lune. 

817. Formula for area of a lune In sqiiar e unite o 

S = 4 7tiP(Art.810) .^-^^ = _ r-» — 

818. Cob. 1. On the same sphere, or on equal spheres, 
tiBo lunes are to each other as their angles. 

819. Cob. 2, Two lunes toith equal angles, but, on un- 
equal spheres, are to each other as the squares of the radii of 
their spheres. 

^'-^ Ex. 1. Find the area ia apherioal desreeB of a luns of 27°. 

Ex. 2. Find the Dumber of aqniire inches in the area of a Inne of, 
2T°, on a epbere whose radiaa is 10 in. 

A solid Bjniinetrical with respect to a plane is a solid in which 
a line drawn from any point in its snrface ± the given plane and 
produced its own length ends in a point on the sarfaoa ; henee 

Ex. S. How man; planee of symmetry has a circular cylinder T A 
cylinder of revolution t 

Ex. 4. Has either of theae solids a center of symmetry t 

Bz. 6. Answer the same qaestiona for a eircniar cone. 

Ex. 6. For a cone of revolution. For a sphere. 
>^ Ex. 7. For a regular square pyramid. For a re^fular pentagonal 
pyramid. 
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. Proposition XXVI. Theorem 

820. If two great circles intersect on a hemisphere, the 
sum of two vertical triangles thus formed is equivalent to a 
lune whose angle is that angle in the triangles which is 
formed by the intersection of the two great circles. 




Given the hemisphere ADBF, aad on it the ^eat circles 
AFB and DFG, intersecting at F. 

To prove A AFC+ A BFD o lune whose Z is BFJ). ' 

Proof. Complete the sphere and produce the given arcs 
of the great circles to intersect at J" on the other hemisphere . 
Then, in the i AFO and BFD, 

arc J.F=arc BF, 
(eacA ieing the suppUment of the are BF). 

In like manner arc GF=&vq DF. 

And arc A(7=arc DB. 

. : A AFC= A BF'D. Art. T95. 

Add the A BFD to each of these equals; 

.-. A AFC + A BFD=c=A BFD + A BFD. A:l. 3. 

Or :. AAFG+ABFD^lnneFBFD, Ax. 6 

q. E. D. 
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Proposition XXVII. Theorem 

821, The number of spherical degrees, or spherids, in 
the area of a spherical triangle is equal to the number of 
angular degrees in the spherical excess of the triangle. 



Givea the spherical A ASO whose A are denoted by A, 
B, C, and whose spherical excess is denoted by E. 

To prOTfl area of A ABC = E spherids. 

Proof. Produce the sides AC and BC to meet AB pro- 
dneed in the points B and F, respectively. 

A^BC + A (7/)B=luue ABDC = 2 A Bpherids. ) 

} Art. 816. 
A4B<7 + A^Cf'=luneBC/'-.l =358pherids. | 

A ABG + A CFD=liin% of IBCA = 2C spherids. An. 820- 
Adding, and observing that A ABC+A CI>B-\-AACF 

+ A CFl>=hemisphere ABDFC, 

2 A ABC + hemisphere=2 (A+B+C) spherids. Or, 

2 AABC+360BpheridB=2(4 + B+C) spherids. Ai, 8. 

.-. A ABO + 180 spherid8= (A +B+ C) spherids. Ar. 5. 

.-. A ABC= (A-\-B-\- 0—180) spherids. Ax. 3. 

Or area A ABC=E spherids. Art. 788, 

Q.I.B. 
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822. Formula for area of a spherical triangle In square 
units of area. 

Comparing the area of a spherical A with the area of 
the entire sphere , 

area A : 4 7iB?=E spherids : 720 spherida. 

. JTIJPXE . TtlfE 

•'• «"* ^ = 720 ' °' ^"^ ^^^m' 

823. The spherical excess of a spherical polygon is the 
sum of the angles of the polygon diminished by (n — 2) 180°; 
that is, it is the snm of the spherical excesses of the tri- 
angles into which the polygon may be divided. 



Proposition XXVIII. Tbeoreh 

824. The area of a spherical polygon, in spherical de- 
grees or ^herids, is equal to the spherical excess of the 
polygon. a 



Given a spherical polygon ABODF of n sides, with ita 
spherical excess denoted by E. 

To prove area of ABCDF= E Bpherio&l degrees. 

Proof. Draw diagonals from A, any vertex of the poly- 
gon, and thos divide the polygon into n — 2 spherical A. 

The area of each A= (sum of its d — 180) spherids. 

Art. 821. 

.*. sum of the areas of the A = [snm of d of the A — 

(«— 2) 180] spherids. Ax. 2. 

.'. area of polygon = £ spherids. Art. B23> 

i/or the mm of A, of the A— (ii— 2) 180°-*°). 
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SPBEBICAL VOLDKES 

825. A Spherical pyTaniid is a por- 
tion of a sphere bounded by a spheri- 
cal polygon and the planes of the 
great circles forming the sides of the 
polygon. The base of a spherical 
pyramid is the spherical poljgon 
bounding it, and the vertex of the 
Bpherical pyramid is the center of the sphere. 

Thus, in the spherical pyramid 0-ABCD, the base i 
ABCD and the vertex is 0- 




826. A spherical wedge (or ungula) is the portion of a 
sphere bounded by a lune and the planes of the sides of 
the lune. 

827. A spherical sector is the portion of a sphere gene- 
rated by a sector of that semicircle whose rotation generates 
the given sphere. 





828. The base of a spherical sector is the zone gene- 
rated by the revolution of the arc of the plane sector which 
generates the spherical sector. 

Let the pnpil draw a spherical sector in which the base 
is a zone of one base. 
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829. A spherical segment is a portion of a sphere 
iaclnded between two parallel planes. 

The bases of a spherical segment are the sections of the 
sphere made by the parallel plaaes which bound the given 
segment; the altitude is the perpendicular distance between 
the bases. 

830. A spherical segment of one base is a spherical seg- 
ment one of whose bounding planes is tangent to the 
sphere. 

Proposition XXIX. Theorem 

831. The volume of a sphere is equal to one-third the 
product ^f the area of its surface by its radius. 



••s^*y<;^n33 
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Given a sphere having its volume denoted by V, sur- 
face by S, and radius by R. 

To prove Y=i§XR. 

Proof. Let any polyhedron be cireumscribed about the 
sphere. 

Pass a plane through each edge of the^ polyhedron and 
the center of the sphere. 

These planes will divide the polyhedron into as many 
pyramids as the polyhedron has faces, each pyramid hav- 
ing a face of the polyhedron (or its base, the center of the 
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sphere for its vertex, and the radias of the sphere for its 
altitnde. 

.". volume of each pyramid = J base X B. (Why T) 

.*. volnmeof polyhedroa=i (surface of polyhedron)Xft. 

If the number of faces of the polyhedron be increased 
indefinitely, the volume of the polyhedron approaches the 
, volume of the sphere as a limit, and the surface of the 
polyhedron approaches the surface of the sphere as a 
limit. 

Hence the volume of the polyhedron and i (surface of 
the polyhedron) X E, are two variables always eqnal. 

Hence their limits are eqnal. 

Or V=^8XB. (WhjO 

Q. E.D. 

882. Formulaa for volume of a sphere. Substituting 
5=4 jtS?, or S=JiD' in the result of Art. 831, 

833. Cob. 1. The volumes of two spheres are to each 
other as the cubes of their radii, or as the cubes of their 
diameters. 

834. Cor, 2. The volume of a spherical pyramid is 
equal to one-third the product of its base by the radius of 
the sphere. 

835. Cor. 3. The volume of spherical sector is equal to 
one-third the product of its base {the bounding zone) fry the 
radius of the sphere. 
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836. Formula for the volume of a spherical sector. De* 
noting the eltitude of the sector by H and the volnme by F, 
F=i (area of zone) X B, 

= H2 71-R-g ) R. Art. 813. 

Peoposition XXX. Theobeh 

887. The volume of a spherical segment is equal to one- 
half the product of its altitude by the sum of the areas of 
its bases, plus the volume of a sphere whose diameter is the 
altitude of the segment. 




Given the semicircle ABCA' which generates a sphere 
by its rotation about the diameter AA'; BD and Cf semi- 
chords X AA', and denoted by r and r'; and DF denoted 
byff. 

To prove volnme of spherical segment generated by 
BCFD, or r=HnT^ + nr^) S+ i Ttfl^. 

Proof. Draw the radii OB and OC. 

Denote OF by h, and OD by k. 

Then F=vol. OBC+ vol. OCF— vol. OBD. 

:. F=g 7inm-\-h Tir'^h—h TirH: Arts. 836, 723. 

Bnt S~h-k, h^=£H^^ find K^^H^^, (Whyi) 
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.-. r-j jt [2 if (*-i)4 (le-e) k—iff-m t]. ai. s. 

-i n [2 JP (»-i)+ B" (J-i)-(»>-i=)]. 

But *>— 2 4i + P-B". v._ Ai. «. 

Subtract each member ft«m 3 A* + 3 



.-. r-inH[*(r> + r^) + f^]- A..J. 

Q. Z. >. 

8S8. Formula for volume of a spherical segment of one 
base. In a spherical segment of one base r' = 0, and r'= 
(2fi-fl)ff(Art. 343). 

Substituting for r and r' these values in the result of 
Art. 837, ■ 

^r-^g-(i»-f).) 

839. Advantage of measurement fonnolas. The stadent 
should observe carefully that, by the results obtained in 
Book IS, the measurenieut of the areas of certain curved 
surfaces is reduced to the far simpler work of the measure- 
ment of the lengths of one or more straight lines; in like 
manner the measurement of certain volumes bounded by a 
curved surface is reduced to the simpler work of linear 
measurements. A similar remark applies to the results of 
Book Vni. 

Ez. 1. Find the volame of » sphere whose radins is 7 in. 
Ez. 2. Find the volume of a sphere whose diameter Is 7 in. 
Ez. 3. In a sphere whose radius is 8 in., find the volume of A 
Spherical segment of one base whose altitude is 3. 

DD 
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466 BOOK IX. SOLID GEOMETRY 

EXERCISES. OROUP.ra 

THEOREMS CONCERNING THE SPHERE 

Bx. 1. Of circles of a sphere whose planes pass thraag^h % givea 
point within a sphere, the smalleat is that circle whose plane is 
perpendicular to the diameter throneh the given point. 

Ex. 2. If a point on the surface of a given sphere is eqnidiataot 
from three points on a given small cirele of the sphere, it is the pole 
of the smalt circle. 

Bx. S. If two sides of a Bpherioal triangle are qnadrants, the third 
side measures the angle opposite that side in the triangle. 

Ex. 4. If a Bpheriaal triangle has one right angle, the Bum of its 
other two angles is greater than one right angle. 



Ex. fl. The polar triangle of a bireotangular triangle is bireetan- 

Ex. 7. The polar triangle of a trirectangular triangle is identical 
with the original triangle. 

Ex. 8. Prove that the snm of the an^^les of a spherical quadri- 
lateral is greater than 4 right angles, and less than 6 right angles. 
What, also, are the limits of the snm of the angles of a spherical 
hexagon T Of the sum of the angles qf a spherical n-gon f 

Ex. 9. Od the same sphere, or on egifal spheres, two birecton- 
gulor triangles ore equal if their oblique angles are equal. 

a equal spherss, are 

Ex. 1 1. If one of the tegs of a right spherical triangle is greater^ 
than a quadrant, another side is also g^reater than a quadrant. 

[Stra. Of the leg which is greater than a quadrant, take the end 
remote from the right angle as a pole, and describe an arc.] 

Ex. 12. If ABO and A'B'C are polar triangles, the radius OA is 
perpendicular to the plane OlfC. 
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EXERCtSES ON TBS BFHEBE id 

Kz. IS. On the isme sphere, or on equal Bpheres, ipherical tr 
angles whose polar tri&nglea have equal perimeters are equivalent. 

Ex. 14. Given OAff, O^ff, and AB area of great 
circles, intersecting so that LOAB= ^OBA; prove that 
A0JB=A0'4B. 

[Sua. Show thai LQBA=L0IAB.1 

' Ex. 16. Find the ratio of the volume of a sphere to 
the volume of a cireumscribed cube. 

Bz. 16. Find the ratio of the surface of a Hpnere to 
the latere! surface of a ciroDmsoiibed ojlinder of reyolntion; also 
find the ratio of their volumes. 

E«. 17. If the edge of a regular tetrahedron is denoted by a, find 
the ratio of the volumes of the insoribed and eireumscribed sphei'js. 

Bs. IS. Find the ratio of the two segments into which a hemi- 
sphere is divided by a plane parallel to the base of the hemispbere and 

at the distance J-R from the base. 



Kxenoisn. qroup ra 

SPHEEICAL LOCI 

Ex. 1. Find the locus of a point at a given distance a from the 
anrfaoe of a given sphere. 

Ex. 2. Find the loons ot a point on the surface of a sphere that is 
aquidiatant from two given points oh the surface, 

Ex. 8. It, through a given point outside a given sphere. tanEOnt 
planes to the sphere are passed, find the locus of the points ol 

tangency, 

Ex. 4. It straight lines be passed through a given fixed point in ' 

space, and through another given point other straight lines be passed 
perpendicular to the first aetj Hml the lociu of the feet «f tb» 
perpend LcnlsrB. 



Lr,,l,;.::i:,G00gIe 



4oo BOOE IX. 80UD OEOMETBT 

CXEROISES. GROUP T« 

PROBLEMS CONCERNING THE SPHERE 
Bz. 1. At a given point on a spliere, construct a plane tangent to 

tbe sphere. 

Ex. 2. Throngb a given point on tlie eartaee of a spliere, draw an 

arc of a great oirele perpendicular to a given aro. 

Ex. 3. Inscribe a circle in a given spherical triangle. 

Bz. 4. Construct a spherical triangle, given its polar triangle. 

Given the radius, r, aonstruct a spherical surfaoe wbicb sball paas 
through 
Bz. 6. -Three given points. 

Bz. 6. Two given points and be tangent to a given plane. 
Ex. 7' Two given points and be tangent to a given sphere 
Ex. 8. One given point and be tangent to two given planes. 
Bz. 9. Ono given point and be tangent to two given spherea, 

Qiven tbe radlns, r, construct a spherical surfaoe which shall ba 
tangent to 
Ex. 10. Three given planes. 
Bz. 11. Two given planes and one given sphere. 

Bz. 12. Conetmat a apberical Hnrface which shall pass through 
three given poiuts and be tangent to a given plane. 

Ex. 13. Through a given atrsigbt line pass a plaue tangent to a 
given sphere. 

[3ua. Through the center of tbe sphere pass a plans ± icivea 
line, etc.] 

When IB the solution impossible 1 

Bz. 14. Through a given point on a sphere, constmcC an are of 
a great circle tangent to a given small circle of tbe sphere. 

[Suo. Draw a straight line from tbe center of the sphere to the 
given point, and produce it to JBtet«ect tbe plau9 o( tbe 0maU (lircle, 
PM-J 
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NUMEEICAL EXERCISES IN SOLID 
GEOMETRY 

For methods of faeiUtating numerical compntations, 
see Arts. 493-6. 

CXEROISES. OROUP 78 

LINES AND SURFACES OP POLYHEDRONS 
Find the lateral ares and total ares of a right prism irhaae 
/ Ex. 1. Base is an equilateral triangle ot edge 4 in., and whose 
altitude is 15 in. 

Ex. 2. Base is a triangle of sides 17, 12, 25, and vhOBs altitude 
is 20. 

f Ex. 3. Base is au isosceles trapezoid, the parallel bases being 10 
and 15 and log 8, and whose altitude is 24. 

M Ex. 4. Base is a rhombas whose diagonals are 12 and 16, and 

whose altitude is 12. 

8 tt., and whose alti- 



Ex. 6. Find the entire surface of a rectangnlar parallelepiped 
8X12X16 in.j ofonepXgXrft. 

Ex. 7. or a onbe whose edge is 1 ft. 3 in. 

Ex. 8. The lateral areaof a regular hexagonal prism is ISO sq. ft. 

and an edge ot the base is 10 ft. Find the altitude. 

Ex. 9. How man? square feet of tin are necessary to lifae a box 
20X6X4 in. » 

f Ex. 10. If the Burfaoe of acube is 1 eq. jd., findanedffeininchea. 

Ex. 1 1 . Find the diagonal of a cube whose edge is 5 in. 

Vs. \%. It the diagonal of a cube is 12 ft., find the ourffKf, 

(4ep) 
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470 SOLID GEOMBTEY 

Ex. 13. If the HarCace ot areetaDKDlarparftlleIopipedis208sq. in., 

and the edges are as 2 : 3 ; 4, ^nd tba edges. 

In a re^lar iqnare pyramid 

Bz. 14. If an edge of the base is 16 and slant height is IT, find 
the altitude. 

I Ex. 16. If the altitude ia 15 and a Utetal edge is 17, find an edge 
of the base. 

Ex. 16. If a lateral edge is 2S and an edge of the b<ue is 14, find 



In a regnlar triangular pyramid 

Ex. 17. If an edge of the base is 8 and the altitude is 10, find the 
slant height. 

Ex. 18. Find the altitude of a regular tetrahedron whose edge is 6. 
Find the lateral surface and the total Borfaoe of 

Ei. 19. A regular square pyramid an edge of whose base is 16, 
and whose altitude is 15. 

Ex. 20. A regnlar triangular pyramid an edge of whose base is 10, 
Knd whose altitude is 12. 

^ Ex. 21. A regular heiagoaal pyramid an edge of whose base is 4, 
and whose altitude is 21. 

Ex. 22. A regular square pyramid whose slant height is 24, and 
whose lateral edge is 25. 

/ Ex. 23. A regular tetrahedron whose edge <s 4. 

Ex. 24>. A regular tetrahedron whose altitude is 9. 



Ex. 26. In the frustum of a regular square pyramid the edges of 
the bases are 6 and IS, and the altitude ia 8. Find the slant height. 
Hence find the lateral area. 

Ex. 27. In the frustum of a regular trlaugnlar pyramid the edges 
of the bases are 4 aud 6, aud the altitudi is S. Find the slant height. 
Hence find the lateral area. 
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Ez. 28. In the fmstum of a regular tetrahedron, if the edge of the 
lower baqe is bi, the edge of the tipper base is 63, and the altitude is a, 
show that Z=i|/*(6,— 62)'+4aV 
I Ex. 29. Id the fmstum of a regular square pTramid tlie edges ot 
the bases are 20 and 60, and a lateral edge is 101. Find the lateral 
sortace. 

KXERCISEB. GROUP 78 

LINES AND SmtPACES OF COXES AND GYLINDEHS 

Bz. 1. How mauj sqaare feet of lateral surface has a tunnel 100 
yds. long and 7 ft. ia diameter. 

Ex. 2. The lateral area of a cylinder of revolntian is 1 sq. yd., 
Knd the altitude ia 1 ft. Find the radius of the base: 

Ex. S. The entire surface of a cylinder of revolution is 900 sq. ft. 
and the radiua of the base is 10 ft. Find the altitude. 



Bz. 6. Find H in terms of B and T. 
Ez. 6. Find T in terms of S and H. 
Ez. 7. How many aq. yds, of canvas are required to make a eoni- 

oal tent 20 ft. in diameter and 12 ft. liigh f 

/C Bz. 8. A man has 400 sq. yds. of canvas and wants to make a 

conical tent 20 yds. In diameter. What will be its altitude 1 



In a cone ot revolution 

Ex. 10. Find Tin terms of ^ and £. 

Ex. 11. Find B in terms of T and L. 
f Ex. 12. How many square feet of tin 1 
funnel the diameters of whose ends are 2 
altitude is 7 in. T 
K Ex. IS. If the slant height ot a frustum of a cone of revolution 
makes an angle of 45° with the base, show that the lateral area of tbe 
IruBtum ia (rt' — rj') B"y2. 
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472 SOLID GEOMETRY 

CXKROISES. GROUP 77 

SPHERICAL LINES AND SURFACES 

Kz. 1. Find in aqaare Uet the area of th» anrface of a sphar* 
nhose radioB is 1 ft. 2 in. 

f^ Ex. 2. How man; aqaare inches of leather will it take to cover a 
baaeball whose diameter is 3i Jn.T 

Ex. 8. How many aq. ft. of tin are required to cover a dome in 
the shape of a hemiephare 6 ydi. in diameter f 

I Ex. 4. What ia the radina of a sphere whoae aurfaoe ia 616 aq. in. 1 

Ex. 6. Find the diameter of a globe whose surface ia 1 sq. yd. 

Ex^6. If the circuit) terence of a great circle on a sphere ia 1 ft., 
find the area of the surface of the sphere. 

Ex. 7. It a hemiapberical dome ia to contain 100 aq. yds. of aur- 
f joe, what -mnst ita diameter be t 

y Ex. 8. Find the radiua of a sphere in*which the area of the aar- 
face equals the number of linear units in the circumference of a great 

Find the area of a lune in which 

t Ex. 9. The angle of the tune is 36°, and the radios of the sphere 

is 14 in. 

Ex. 10. The angle of the Inne ia 18° 20', and the diameter of the 
sphere ia 20 in. 

% Ex. II. The angle of the lane ia 21°, and the surface of the 
sphere is 4 aq. ft. 

Find the area of a spherical triangle in which 

H Ex. 12. The angles are 80°, 90°, 120°, and the diameter of tha 
sphere is 14 ft. 

^ Ex. 18. The angles are 74° 24', S3° 16', 92° 20', and the radins of 
the sphere ia 10. 

^ Ex. 14. The angles are 85°, 95°, 135°, and the surface of the 
sphere is 10 sq. fl. 
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NUMERICAL EXERCISES IN 80LID GEOMETEY 473 

Bx. IB. If tha side* of » spherical trian|?ls are 100°, 110°, 120" 
Aud the radiQB of the sphere is 16, find the area of the polar triangle. 

Ex. 16. If the angles of a spherioal triangle are 90°, 100°, 120" 
and its area is iiSOO, find the radius o( the sphere. 

Ex. 17. If the area of an equilateral spherioal triangle is one- 
lliird the surface of the sphere, find an angle ol the triangle. 

Ex. IS. In a trihedral angle the plane angles of the dihedral 
aoKles are S0°, 90°, 100°; find the number of solid degrees in the 
trihedral angle. 

y- Ex. 19. Find the ( 

angles is 150°, on a spb 

Ex. 20. If each dihedral angle of a given pentahedral angle ie 
120°, how manj solid degrees does the pentahedral angle contain T 

■z. 21. In a sphere whose radios is 14 in., find the area of a zona 
3 in. high. 

Ex. 22. What is the area of the north temperate zone, if the 
earth is taken to be a sphere with a radins of 4,000 miles, and the 
distance between the plane of the arctio eircle and that of the tropio 
of Canoer is 1,800 miles f 

Ex. 23. If Cairo, Eg^pt, is in latitude 30°, show that its parallel 
of latitude bisects the snrtaee of the northern hemisphere. 

Ex. 24. How high must a person be above the earth's surface to 

I one-third of the surface f 
^i^ Ex. 25. How mach of the earth's snrtaee will a roan see who Is 
2,000 miles above the snrtaee, if the diameter is taken as 8,000 milesT 

Ex. 26. If the area of a zone equals the area of a great circle, 
find the altitude of the zone in terms of the radius of the sphere. * 

Ex. 27. If sounds from tlie Krakatoa explosion were heard at a 
distance of 3,000 miles ( taken as a chord) on the surface of the earth, 

r what fraction of the earth's surface were they heard f 

Ex. 28. The radii of two spheres are 5 and 12 in. and their oen- 

9 are 13 in. apart. Find the area of the circle of intersection and 
also of that part of the surface of each sphere not included bj the 
other sphere. 



X, 



A, 
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474 SOLID GEOMETBT 

CXCRCIKS. OROUP TS 

VOLUMES OP POLYHEDRONS 
Find the Toiume of a prism 



/K.hc 



a equilsteral triangle with side 5 in., bud 
. triangle with sides IS, 13, Ifi, and whose 



Ex. S. Whose base is an isoBoelsH right triangle with a leg ei^aal 
to 2 jds., and whose altitude la 25 ft. 

^ Ex. 4. Whose base is a regular hexagon with a side of 8 ft., and 
^whoee altitude is ID yds. 
y Bx. 6. Whose base is a rhombus one of whose sides is 25^ and one 
of whose diagonals is 14, and whose altitude is II. 

Bx. 6. Whose base cont^ns M sq. yds., and whose lateral faces 
are three rectangles with areas of 100, 170, 210 eq, ;ds., respectiTely. 
e heldbyabiuSOxIOzG ft., 



K. 



Ex. 8. How man; cart-loads of earth are in a cellar 30x20 1 6 ft, 

' a cart-load ia a cubic yard 1 

Ex. 9. It a cubical block of marble costs $2, what is the oi 
:ube whose edge is a diagooat of the first block 1 



Ex. 10. Find the edge of a cube wboseTolnme equals the snm i 
the Tolumes of two cnbea whose edges are 3 and 5 ft. 

Ex. 11. Find the edge of a cube whose volume equals tbe area i 
its surface. 

./ E)L. 12. If the top of a cistern is a rectangle 12x8 ft., how deep 
must the cistern be to hold 10,000 gallons t 

Ex. 13. Find tbe inner edge of a peck measure which ia In the 
shape of acnbe. 

Ex. 14. A peck measnre is to be a rectangular parallelepiped with 
square base and altituda equal to twie« th« «dge of the bue. Find 
its dimensions. 
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Ex. 15. Find the Tolnme of a cnba whose diKgonsI is a. 
Find the volnme of a pyramid 

a equilateral triaugle with side 8 la., 

Ex. 17. Whose base is a right triaugta with hTpotenose 29 and 
one leg 21, and whose altitude is 20. 

Ex. 18. Whose base is a square with side 6, and each of whose 
lateral edges is 5. 

Ex. 19. Whose base is k square with side 10, uid each of whose 
lateral faces makes an angle of 45° with the base. 

Ex. 20. If the pyramid of Memphis has an altitude ot 146 yds. 
and a square base of side 232 yds., how many cubic yards of stone 
does it contain T What is this worth at |1 a en. yd.t 

Ex. 21. A church spire ISO ft. high is hexagonal in shape and 
each side of the base is 10 ft. The spire has a hollow hexagonal 
interior, each side ot whose base is ft., and whose altitude is 45 ft. 
How many cubic yards ot stone does the spire contain T 

B a square 



Ex. 2S. A heap of candy in the shape of a frustum of a regalar 
square pyramid has the edges ot its bases 25 and 9 in. and its altitnde 
12 in. Find the number of pounds in the heap if a pound is a reotan- 
galar parallelopiped 4x3x2 in. in size. 

Ex. 24. Find the volume ot a frustum of a regular triangular 
pyramid, the edges ot the bases being 2 and 8, and the slant height 12. 

Ex. 26. The edges ot the bases ot the trustam of a regular square 
pyramid are 24 and 6, and each lateral edge is 15 ; find the volnms. 

Ex. 26. If a stick of timber is in the shape ot a frustum ot a 
regular square pyramid with the edges of its ends 9 and 15 in., and 
with a length of 14 tt., find the number of feet ot lumber in the stick. 

What is the difFerenee between this volume and that of a stick of 
the same length having the shape of a prism with a base equal to the 
area ot a midsection of the first stick f 
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Kx. 28. How manj cart-loads of earth are there in a railroad eut 
12 ft. deep, whose base is a reetangle 100 x S It., and whose top ia a 
reotaugla 30 z GO ft. 1 

Ex. 29. Find the volnme of a prism&toid whose bue ij aa equi- 
lateral triangle with side 13 It., and whose top ie a line 12 ft. long 
parallel to one side of the base, and whose altitude ia 15 ft. 

Ez. 80. II the baae ol a priamatoid is a rectangle with dimeneioDB 
a and b, the top is a line c parallel to the aide b ot the baae, and the 
altitnde is ft, flud the volarae. 

EXERCISES. OROUP 7> 

VOLUMES OP CONES AND CYLINDERS 

Bz. I. How many barreta of oil are contained in a cjlindrical 
tank 20 ft. long and 6 ft. in diameter, if a barrel eontalna 4 ou. ft. t 

)t Ez. 2. How many eu, yds. of earth muat be removed in making a 
tannel 450 ft. long, it a cross-section of the tunnel is a aemieirele of 
15 ft. radius 1 

V Ez. S. A cylindrical gtasa B in. in diameter holda half a pint. 
Find its height in inches. 

y. Bi. 4. If a cubic foot of braaa be drawn out Into wire ^ inch in 
^ diameter, how long will the wire be t 



Bx, 6. Show that the TOlumea of two cylindera, having the altitnde 
of each eqnal to the radtaa of the other, are to each other asS:IP. 

Bz. 7. In a cylinder, find B in tenns of V and S; also V in terms 
of 5 audi;. 
X Bz. 8. A oonical heap of potatoes is 44 ft. in cireumfeience and 
6 ft. high. How many bushels does it contain, if a bushel is lieu. ft.T 

y- Ez. 9. What fraction of a pint will a conical wine-glass hold, it 
ita altitude ia 3 in, and the diameter of the top ia 2 In. f 
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^ Ex. 10. Fiod the ratio of tbn volumes of the two ooneg insoribed 
In, and oironmsGribed aboat, a regular tetrahedron. 

e contains 1 quart, find ita dimen- 



Ex. 13. Find the volume ol a frastum ot a eone of revolution, 
whose radii are 14 and 7 ft,, and whose altitude is 2 yds. 

JC Ex. 14. What is the cost, at 50 cts. a ou. tt., of a piece of marble 
in the shape of a fmstum of a cone of revolation, whose radii are 6 
and S ft., and whose slant height is 6 tt.T 



^. 



eXEROISES. OROUP SO 

y, SPHERICAL VOLUMES 

Bx. 1. Find the volume o( a sphere whose radins ie 1 ft. In. 

Ex. 2. If the earth is a sphere 7,920 miles in diameter, find Its 
^* *t*^^volume in enbio miles. 

^A ' Bx. 3. Find the diameter of a sphere whose volume is 1 eo. tt. 

yP^tf Ex. 4. What is thevolome of a sphere whose surface is 616 sq. in.T 

Ex. 6. Find the radius of a sphere equivalent to the sum of two 
\^j^ , ' ipheres, whose radii are 2 and 4 in. 

Ex. 6. Find the radius of a sphere whose volume equals the area 
of its surface. 

X Ex. 7. Find the volume of a sphere circumscribed about a cube 
whose edge IS 6. 



Bx. 9. Find the volume of a spherical abell whose inner and ont«r 
mrfaces are 20 tt and 13 w. 
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Find the volnme of 

Bz. 10. A ipherical wedge whose Migle ii 24°, the radiuB of the 
sphere being 10 in. 

Ez. 11. A spberieal sector whose base Is a zone 2 in. high, the 



r Ez. 11. A spheneal sector t 
^radius of the sphere being 10 in, 



it Ex. 12. A ipbericsl segment of two bases whose radii are 4 and 
f 7 end altitude 5 in, 

f Ex. 13. A wash-basin in the shape of a. segment of a sphere is 
6 in. deep and 24 in. in diameter. How man^ quarts of water will the 
basin hold T 

t Ex. 14. A plane parallel to the base of a hemisphere and bisect- 
ing the attitude divides its volume in what ratio T 

/ Bz. 16. A spherical segment 4 in. high contains 200 ca. in. ; find 
the radios of the sphere. 

( Ex. Ifl. It a heavy sphere whose diameter is 4 in. be placed in s 
oouieal wine-glass fnll of water, whose diameter is S in. and altitude 
6 in., find bow mneb water will run over. 



■XKROItE*. OROUP ai 

EQUIVALENT SOUDS 
I Ex. 1. If a cubical block of patty, each edge of wbioh is 8 inches, 
be molded into a cylinder of revolution whose radins is 3 incbee, find 
the altitnde of the cylinder. 

■ Ex. 2. Find the radins of a sphere eqaivolent to a cnbe whose 
I edge is 10 in. 

Ex. 3. Find the radins of a sphere equivslent to a oooe of revolu- 
tion, whose radius is 3 in. and altitude 6 in. 

Bx. 4. Find the edge of a cube equivalent to a fmstnm of a cona 
of revolution, whose radii are 4 and 9 ft. and altitude 2 yds, 

Ex. 6. Find the altitude of a rectangular parallelepiped, whose 
\ bsse is 3 z5 in. and whose volume is equivalent to a sphere of radios 



3,„i,i=«bvGoogIe 






NTTMERICAIi EXEBdSES IN SOLID GEOMETRY 479 

Ex. 6. Find the bate ot a square rectaagnlar parallelopiped, 
e altitude it 8 in. and nhosa -volume equals tbe Tolume of a eona 
of reTolutioQ with a radius of 6 and bq altitude of 12 in. 

Ex. 7. Find the radius o( a cone of reTolDtlon, wboee altitade is 
IIS and whose Tolume is equal to that of a cylinder of rerolntioD with 
radius 6 and altitude 20. 

\/ Ex. 8. Find the altitude of a cone ot revolution, whose radius is 
M5 and whose volnms equals the volame of a cone of revolution with 
radius 9 and altitude 34. 

XEz. 9. On a sphere whose diameter is li the altitude ot a lOne of 
>ne base is 2. Find tbe altitude of a cylinder of revolation, whose 
base equals the base ot tbe zone and whose lateral surtace eqnals the 

surface of the zone. 

// / - ■ 

^ KXKflOltEa. CROUP S3 

SIMILAR SOLIDS 

Ex. 1. If on two similar solids L, V and I, V are pairs of homol- 
Og^ous lines; AfA' and a, a' pairs of homologous areas, V, V and 
V, ¥ pairs ot homologous volumes, 

fL :P = l:l'=t/A :,/^'=^« :#'«'. 
A : A' = L' : 1^=0 ■.a'=ri : H. 
r: r=L' •.I/'^Ai -.A'i^v.v'. 

Ex. 2. If tbe edge of a cube is 10 in., find tbe edge ot a onbe 
having 5 times tbe surface. 

Ex. 3. It the radius of a sphere is 10 in., find tbe radius of a 
sphere having 6 times the surface. 

V Ex. 4. It the altitude of a cone of revolution is 10 in,, find the 
' altitude of a similar eone ot revolution having 6 times the surface. 

find tbe required dimension if 

ilume of the original solid. 

Ex. 6. The linear dimensions of one trunk are twice as ^eat as 
those of another trunk, fiow mnoh greater is the r«lnmQ t Thesarfaoet 
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Ex. 7. How for tiora tlie vertex ig the crMH-Heotion which biieets 
the volume of a cone of revolution T Which bisects the lateral 
surface t 

Bz. 8. U the altitude of a pyramid is bisected by a plane parallel 
to the base, bow does the area of the crots-sectioo compare with the 
area of the base T How does the volume out off compare with the 
Tolame of the entire pyramid t 

Sx. 9. Planea parallel to the base of a cone divide the altitada 
Into three equal parts ; compare the lateral surfaces cut off. Also the 
Tolnmes. 

Ez. 10. A sphere 10 in. in diameter is divided into three eqnivs< 
lent parts bj concentrio spherical surfaces. Find the diameters of 
tiieHe snrfaceB. 

Ex. 11. It the strength of a mnscle is as the area of its cross- 
teetion, and Goliath of Gath was three times as large in each lineaF 
dimension as Tom Thumb, how much greater was his strength t His 
weight t How, then, does the activity o( the one man compare with 
that of the other t 

Ex. 12. It the rate at which heat radiates from a body Is in pro- 
portion to the amount of surface, and the planet Jupiter has a diame- 
ter 11 timeg that of the earth, how many times longer will Japiter ba 
in cooling oS T 

[Sua. How many times greater is the volume, and therefore the 
original amount of heat in Jnpiter 1 How many times greater is its 
eurtaoe t What will be the combined effect of these factors T] 
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HISCEUANEOUS NUMERICAL EXERCmES IN SOLID 
GEOMETRY 
Find S, T and Y of 

Ex. 1. A right trianKoIar prism whose altitude is I ft., and the 
sides of whose base are 26, 2S, 30 in. 

Ex. 2. A cone .of revolution the radius of whose base is 1ft. 2 in., 
and whose altitude is 35 in. 

Ex. S. A frustum of a sqaare pyramid the areas of whose basas 
ue 1 sq. ft. and 3S sq, in., wi, w1)o|q altitude ia 8 in. 
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Bz. 4. A pyramid whose slant height is 10 in,, and nhose baM 
ia an equilateral triangle whose aide is S in. 

k Ex. 6. A ODbe whose diagonal Is 1 yd. 

Jl[ Ex. 6. A fmatum of a cone of revolution whoie radii are 6 and 
11 in. and slant height 13 iu. 



edge is 3; also find the area of a triangle oa that sphere whose angles 

are 80°, 90°, 150°. 

JC Ex. 9. Find the volume of the spherieal pyramid whose base is 
the above trinngle. 

jC Ex. 10. Find the angle of a lune on the same sphere, equlvaleitt 
to that triangle. 

^ Bi. II. On a oube whose edge is 4, planes through the mldpointB 
o( the edges cut oS the corners. Find the volume of the solid re- 
maining. 

Bz. 12. How is F changed if .ff of a cone of revolntion is doubled 
and £ remains unchanged I If £ is doubled and .ff remains unchangedT 
If both a and B are doubled T 

^ Ez. IS. In an equilateral cone, And S and V in terms of S. 

Bz. 14. A piece ot lead 20x6x2 in. will make how many spher* 
ioal bullets, each i in. in diameter t 

Bz. 16. How many bricks are necessary to make a chimney in 
the shape of a frustum o( a cone, whose altitude is 00 ft., whose outer 
diameters are 3 and 8 ft., and whose inner diameters are 2 and 4 ft., 
counting 12 bricks to the cubic ft.T 

Ex. 16. If the area of a zone U 300 and its altitude 6, And the 



Ex. 17. If the section 
is a square, find S, T, V in 

Ez. 18. If every edge of a square pyramid Is it And A in 
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j( Ex. 19, Aregular square pyramid baa a for its altitade andKlBofor 
(tocb side of tlie base. Find the area of a section made b; a plane parallel 
to the base and biseetiag the altitode. Find alHO the volumes of the 
two parts into which the pyramid ia divided. 

^ Bz. 20. It the earth is a sphere o( 8,000 miles diameter and its 
■^ atmosphere extends SO miles Irom the earth, And the volume of the 
atmosphere. 

X Ex. 21. On a sphere, find the ratio of the area of an equilateral 
spherical triangle, each of whose angles is dS", to the area of a Inna 
'hose angle is 80°. 
Ex. 22. A square right prism has an altitude 6a aod an edge of 
the base 2a. Find the volume of the largest cylinder, sphere, pyramid 
and cone which can be cut from it. 

y/ Ex. 2S. Obtain a formula tor the area of that part of a sphere 
'\lluminated by a point of light at a distance a from the sphere 
whose radius is B. 



c 



'Hqi 



Bz, 24. On a sphere whose radios ii 
lilateral triangle whose area is 12 sq. ii 



Ez. 2S. Find the volame ot a prismatoid, whose altitude is 24 and 
whose bases are eqnilateral triangles, each side 10, so placed that the 
mid'SectiOD of the prismatoid is a regular hezagon. 
/' Ez. 26. On a sphere whose radius is 16, the bases of a zone are 
equal and are together equal to the area of the zone. Find the alti- 
tude of the zone. 

iC Ez. 27. Find the volume of a square pyramid, the edge of whose 
base is 10 and each of whose lateral edges is inclined €0° to the base. 

A Ez. 28. An irregular piece of ore, if placed in a cylinder partly 
filled with water, causes the water to rise 6 in. If the radius of the 
eyiinder is 8 in., what ia the volume o( the ore 1 
• > Ex. 29. Find the volame of a truncated right triangular priam, if 

-^he edges of the base are 8, 9, 11, and the lateral edges are 12, 13, 14. 

'' Ez. 30. In a sphere whose radius ia 5, a section is taken at the 
distance 3 from the center. On this section as a base a cone ia formod 
whose lateral elements are tangent to the spbere. Find tho lateral 
surface and volume of the cane. 
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'^ Ex. 31. The TDlume of a sphere is 1,4371 ca. in. Find ths surf aoe. 

X Si- S2. A square whose side 1b 6 is revolved aboat & diagonal as 
ftD axie; find the anrfaoe and vaiume generated. 

^Bz. 88. Find the edge of a cnbieal cistern that will bald 10 tons 
of water, if 1 ou. ft. of water weighs G2,28 lbs. 

Ex. 84. A water trough has equilateral triangles, each side 3 ft., 
tor ends, and is IS ft. long. How many baokets of water will it bold, 
if a bucket is a cylinder I ft. in diameter and \\ ft. high T 

Ex. 36. The lateral ares of a cylinder of revolution is 440 sq. in., 
and the volume is 1,540 en. in. Find the radins and altitade, 

Ex. 36. The angles of a spherical quadrilateral are SO", 100°, 
120°, 120°. Find the angle of an equivalent eqailateral triangle, 
jf Ex. 37. A cone and a cylinder have equal lateral snrfaces, and 
their axis aeotions are equilateral. Find the ratio of their volumes. 

Ex. 38. A water-pipe fin. in diameter rises 13 ft. from the ground. 
How many quarts of water must be drawn from it before the water' 
from under the ground comes out T If a quart runs out la 5 seconds, 
bow long mnst the water mn T 

Ex. 39. A cube immersed in a cylinder partly filled with water 
causes the water to rise 4 in. If the radius of the cylinder is iu., 
what is an edge of the cube T 

Ex. 40. An auger hole whose diameter is 3 in. is bored through 
the center of a sphere whose diameter is 8 inches. Find the volume 
remaining. 

Ex. 41. Show that the volumes of a cone, hemisphere, and cylin- 
der of the same base and altitude ore as 1 : 2 : 3. 

Ex. 42. The volumes of two similar cylinders of revolution are 
aBS:125; find the ratio of their radii. If the radius of the smaller is 
10 in., what 13 the radius of the larger t 

Ex. 43. An iron shell is 2 in. thick and the diameter of its outer 
snrfflce is 28 in. Find its volume. 

Ex. 44. The legs of an isosceles spherical triangle each make an 
angle of 75° with the base. The legs produced form a lune whose 
area is four times the area of the triangle. Find the angle of the lune. 



3,^,i,i="'dbvGoogIe 



484 SOLID OEOMiSTaT 

OROUP M 

EXEECISES INVOLVINQ THE METRIC SYSTEM 
Find 5, T, V of 

Ex. 1. A riitlit prism the edges of whose base are 6 m., 70 dm., 
BOO cm., find whose altitude is SO dm. 

e of whose base is 30 dm.. 



Bi. 3. A sphere whose rodiua is 0.02 m. 

Ex. 4. A frustam o( & oone ot revolation whose radii &re 10 dm. 
and 6 dm., and whose slant height is 50 cm. 

Bz. 6. A cube whose diagonal is 12 cm. 

Bz. S> A cylinder of revolution whose radios eqnals 2 dm., and 
whose altitude equals the diameter of the base. 

Ex. 7. Find the area of a spharioal trianKls on a sphere whose 
radius U 0.02 m., if its angles are 110°, 120°, 130°. 

Ex. 8. Find the namber of square meters in the surface of a 
sphere, a great circle of which is 50 dm. long. 

Ex. 9. How many liters will a cylindrical vessel hold that is 
10 dm. in diameter and 0.25 m. high T How many liquid quarts T 

Ex. 10- A liter measare is a cylinder whose diameter is half the 
altitude. Find ils dimensions in centimeters. 



Bz. 1 1. Find the surfaee of a sphere whose toIui 
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APPEl^DIX 

J. MODERN GEOMETRIC CONCEPTS 

840. Hodera Geometry. la recent times many new 
^ometrie ideas have been, invented, and some of them 
developed into important new branches of geometry. 
Thus, the idea of symmetry (see Art. 484, etc.) is a 
modem geometric concept. A few other of these modern 
concepts and methods will be briefly mentioned, bnt 
their thorongh consideration lies beyond the scope of 
this book. 

841. ■ Projective Geometry. The idea of projections 

{see Art. 345) has been developed in comparatively 
recent times into an important branch of mathematics with 
many practical applications, as in engineering, architec- 
ture, constroction of maps, etc. 

842. Principle of Continuity. By this principle two 
or more theorems are made special cases of a single more 
general theorem. An important aid in obtaining continuity 
among geometric principles is the application of the con- 
cept of negative quantity to geometric magnitudes. 

Thus, a negative line is a line opposite in direction to 
a given line taken as positive. 



For example, if OA is +, OB h 

(mi 
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Similarly, a negative angle is 
an angle formed by rotating a line 
in a plane in a direction opposite 
from a direction of rotation taken 
aa positive. Thus, if the line OA 
rotating from the position OA 
forms the positive angle AOB, the - 

same line rotating in the opposite direction forms the 
negative angle AOB'. Similarly, positive and negative 
arcs are formed. 



In like manner, if P and P are 
on opposite sides of the line AB and 
the area PAB is taken as positive, 
the area P'AB will be negative. 

As an illustration of the law of 
continuity, we may take the theorem 
that the sum of the triangles formed 
by drawing lines from a point to the 
vertices of a polygon equals the area 
of the polygon. * '' 

Applying this to the quadrilateral ABCD, if the point 
Pfalls within the quadrilateral, APAB + AFBC+APCD 
-i-APAI>=ABCD (Ax. 6). 

Also, if the point falls without the quadrilateral at P, 
£i.P'AB + APBC+ AP'CD+ AP'AI) = ABCD. since 
AP'AD is a negative area, and hence is to be subtracted 
from the sum of the other three triangles. 

848. The Principle of Reciprocity, or Duality, is a 
principle of relation between two theorems by which each 
theorem is convertible into the other by causing the words 
for the saine two geometric objects in each theorem to ex- 
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Thus, of theorems VI and VII, Book I, either may he 
converted iuto the other hy replacing the word "sides" by 
"angles," and "angles" by "sides." Hence these are 
termed reciprocal theorems. 

The foUowing are other instances of reciprocal geometric 
properties: 



1. Ttoo points delertniat a 
tlraight line. 

2. Three points not in the tame 
straight lina determine a plane. 

S. A tiraight line and a point 
determine a plane. 



1. Two lines determine a point. 

2. Hiree planes not through (A« 
same straight line determine a 

3. A straight line and a plane 
determine a point. 



The reciprocal of a theorem is not necessarily true. 

Thus, two parallel straight lines determine aplane, but 
two parallel planes do not determine a line. 

However, by the use of the principle of reciprocity, 
geometrical properties, not otherwise obvious, are fre- 
quently suggested. 

844. Principle of Homology. Just as the law of reci- 
procity indicates relations between one set of geometric 
concepts (as lines) and another set of geometric concepts 
(as points), so the law of homology indicates relations 
between a set of geometric concepts and a set of concepts 
outside of geometry: as a set of algebraic concepts, for 
instance . 

Thus, if a and b are numbers, by algebra (a + J) (a — 6) 

Also, if a and 6 are segments of a line, the rectangle 
(a+6)X(a — 6) is equivalent to the difference between the 
squares a^ and b^. 

By means of this principle, truths which would be over- 
looked or difficult to prove in one department of thought 
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are made obvious by observing the corresponding tmth in 
another department of thought. 

Thus, if a and h are line segments, the theorem (a + ft)* 
-|-(a — 6)''=2(a' + 6^) is not immediately obvious in geo- 
metry, but becomes so by observiug the like relation 
between the algebraic numbers a and b. 

845. NoQ-Eaclidean Geometry. Hyperspace. By vary- 
ing the properties of space, as these are ordinarily stated, 
different kinds of space may be conceived of, each having 
its own geometric laws and properties. Thus, space, as 
we ordinarily conceive it, has three dimensions, but it is 
possible lo conceive of space as having four or more 
dimensions. To mention a single property of four dimen- 
sional space, in such a space it would be possible, by 
simple pressure, to turn a sphere, as an orange, inside 
out without breaking its surface. 

As an aid tomud conceiving how this ia possible, oonaider b plane 
in wliich one circle lies ioBide another. No matter heir these circlea 
are moved about ia the plane, it is impossible to sliitt the inner circle 
so as to place it ontside the other without breaking the ciroumferenee 
of the outer circle. But, if we are allowed to use the third dimensioa 
of apace, it ia a aimple matter to lift the inner circle up ont of the 
plane and set it down outside the larger circle. 

Similarly if, ia space of three dimensions, we have one spberioal 
aheli inside a larger shell, it ia impoaaible to place the smaller shell 
ontside the larger without breaking the larger. But if the ase of a 
fourth dimension be allowed,— tliat is, the use o( another dimension 
of freedom of motion,— it is possible to place the iaaer ahell outside 
the larger without breaking the latter. 

846. Curved Spaces. By varying the geometric axioms 
of space (see Art. 47), different kmds of space may be 
conceived of. Thus, we may conceive of space such that 
through a given point one line may be drawn parallel to a 
given liae (that is ordiuaiy, or Euclidean space); or such 



3,„i,i=dbvGoogIe 



MODERN GEOMETRIC CONCEPTS 489 

that throQgh a given point no line can be drawn parallel 
to a given line (spherical space); or such that through a 
given point more than one line can be drawn parallel to a 
given line (pseudo-spherical space). 

These different kinds of space differ in many of their 
properties. For example, in the first of them the sum of 
the angles of a triangle equals two right angles; in the 
second, it is greater; in the third, it is less. 

These different kinds of space, however, have many- 
properties in common. Thus, in all of them every point in 
the perpendicular bisector of a line is equidistant from the 
extremities of the line. 

EXEROIIKt. OROUP M 

Ex. 1. Show by the aea of zero and negative arcs that the prinai- 

plea ol Arts. 257, 363, 258, 264, 265, are particnlar oosea of the general 
theorem that the angle included between tiro lines which cut or tonch 
a circle ii measured hj one-halt the Bum of the intercepted arcs. 

Ex. 2. Show that the principles ot Arts. 354 and 35S are particniar 
eases of the theorem that, it two lines are drawn from or through a 
point to meet a circumference, the product of the Bcgmenta ol one line 
equals the product of the segments of the otlier line. 

Bz. 3. Show hj the use of negative angles 
that theorem XXXVIII, Book I, is true for a 
quadrilateral of the lorraABCD. [_BCD is a 
negative angle; the angle at the vertex D is 
the reflex angle ADC] 

Ex. 4. What is the reoiprocal of the state- 
ment that two intersectiDg straight tinea deter - 
mine a plane f 

Ex. 6. What is the reoiprocal of the statement that three planes 
perpendicular to each ottier determine three straight lines perpen- 
dicular to each other t 
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847. Origin of Geometry as a Science. The beginuiogs 

of geometry as a science are found in Egypt, dating back 
at least three thonsand years before Christ, Herodotus 
says that geometry, as known in Egypt, grew ont of the 
need of remeasuring pieces of land parts of which had been 
washed away by the Nile floods, in order to make an equi- 
table readjustment of the taxes on the same. 

The substance of the Egyptian geometry is found in au 
old papyrus roll, now in the British musenm. This roll 
is, in effect, a mathematical treatise written by a scribe 
named Ahmes at least 1700 B.C., and is, the writer states, 
a copy of a more ancient work, dating, say, 3000 B. C. 

848. Epochs in the Development of Geometry. From 
Egypt a knowledge of geometry was transferred to Greece, 
whence it spread to other countries. Hence we have the 
following principal epochs in the develwpment of geometry; 

1. i^ptian : 3000 B. C— 1500 B. C. 

2. Greek : 600 B. C— 100 B. C. 

3. Hindoo : 500 A. D— 1100 A. D. 

4. Arab : 800 A. D.— 1200 A. D. 

5. European : 1200 A. D. 

In the year 1120 A. D., Athelard. an English monk, 
visited Cordova, in Spain, in the disguise of a Mohamme- 
dan student, and procured a copy of Euclid m the Arabic 
language. This book he brought back to central Europe, 
where it was translated into Latin and became the basis of 
all geometric study m Earope till the year lt>J3, when, 
(490) 
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OTfing to the capture of Constantiaople by the Turks, 
copies of the works of the Greek mathematicians in the 
origiual Greek were scattered through Europe. 

^.^ 

HISTOBT OF GEOHBTSICAL HBTHODS 

849. Rhetorical Methods. By rhetorical methods in 
the presentation of geometric truths, is meant the use of 
definitions, axioms, theorems, geometric figures, the rep- 
resentation of geometric magnitudes by the use of letters, 
the arrangement of material in Books, etc. The Egyptians 
had none of these, their geometric kuowledge being re- 
corded ooiy in the shape of the solutions of certain numeri- 
cal examples, from which the rules used must be inferred. 

Tbales (Greece 6<X) B.C.) first made an enunciation of 
an abstract property of a geometric figure. He had a rude 
Idea of the geometric theorem. 

Pythagoras (Italy 525. B.C.) introduced formal defini- 
tions into geometry, though some of those used by him 
were not very accurate. Fpr instance, his defiuitioD of a 
point is "nnity having position." Pythagoras also 
arranged the leading propositions known to him in 
something like logical order. 

Hippocratea (Athens, 420 B. C. ) was the first systemati- , 
cally to denote a point by a capital letter, and a segment 
of a line by two capital letters, as the line AB, as is done . 
at present. He also wrote the first text-book on geometry. 

Plato (Athens, 380 B.C.) made definitions, axioms 
and postulates the beginning and basis of geometry. 

To Euclid (Alexandria, 280 B. C.) is due the division 
of geometry into Books, the formal enunciation of theo- 
rems, the particular enunciation, the formal constrnction. 
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proof, and conclusion, io presenting a proposition. He 
also introduced the use of the corollary and scholium. 

Using these methods of presenting geometric troths, 
Euclid wrote a text-book of geometry in thirteen books, 
which was the standard text-book on this subject for 
nearly two thousand years. 

The use of the symbols A, EH , || , etc., in geometric 
proofs originated in the United States in recent years. 



850. Logical Methods. The ^yptians used no formal 
methods of proof. They probably obtained their few crude 
geometric processes as the result of experiment. 

The Hindoos also used no formal proof. One of their 
writers on geometry merely states a theorem, draws a 
figure, and says "Behold I " 

The use of logical methods of geometric proof is dne to 
the Greeks. The early Greek geometricians used ex^tri- 
mental methods at times, in order to obtain geometric 
truths. For instance, they determined that the angles at 
the base of an isosceles triangle are equal, by folding half 
of the triangle over on the altitude as an axis and observ- 
ing that the angles mentioned coincided as a fact, but 
without showing that they must coincide, 

Pythagoras {525 B. C.) was the first to establish geo- 
metric truths by systematic deduction, but his methods 
were sometimes faulty. For instance, he believed that the 
converse of a proposition is necessarily true. 

Hippocrates (420 B.C.) used correct and rigorous de- 
duction in geometric proofs. He also introduced specific 
varieties of such deduction, such as the method of reduc- 
ing one proposition to another (Art. 296) , and the reduclio 
ad absurdum. 



U.,:,,l,;.d:,G00gIe 



raSTORY OP GEOMETRY 



493 



■■■\/ 



The methods of dednotion used by the Greeks, however, were de- 
fective in their lack of generality. For instance, it was often thought 
neoessarj to have a eeparate proof of a theorem for each difterent 
kind of figure to which the theorem applied. 
Thus, the theorem that the sum of the an- 
gles of a triangle equals two rigbt angles 
was proved, 

(1) for the equilateral triangle by use 
of the regular hexagon ; 

(2) for the right triangle by the use of 

(3) for a Boalene triangle by dividing 
the scalene triangle into two riglit triangles. 

The Greeks appeared to fear that a 
general proof might be vitiated if it were 
applied to a figure in any way special or 

peculiar. In other words, they had no conception of the principle of 
continuity (Art. 842). 

Plato (380 B.C.) introduced tlie method of proof by 
analysis, that is, by takiog a proposition as true and work- 
ing from it back to known truths (see Art. 196). 

To EudozHB (360 B. C.) is virtually due proof by the 
method of limits; though his method, known as the 
method of exhaustions, is crude and cumbersome. 

ApoUo&luB (Alexandria, 22.5 B. C.) used projections, 
transversals, etc., which, in modern times, have developed 
into the subject of projective geometry. 

851. Mechanical Methods. The Greeks, in demonstra^ 
ting a geometrical theorem, usually drew the figure em- 
ployed in a bed of sand. This method had certain advan- 
tages, but was not adapted to the use of a large audience. 

At the time when geometry was being developed in Greece, tbe 
interest in the subject was very general. There was scarcely a town 
bat had its leotnree on the subject. The news of the dieuoverj of a 
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new theorem epread trom town to town, and the theorem was redemon- 
Strated in the sand of each market place. 

The Greek treatises, however, were written on vellnm 
or papyrus by the use of the reed, or calamus, and ink. 

In Ronuui times, and in the middle ages, geometrical 
figures were drawn in wax smeared on wooden boards, 
called tablets. They were drawn by the use of the etylns, 
a metal etick, pointed at one end for making marks, and 
broad at the other for erasing marks. These wai tablets 
were still in nse in Shakespeare's time (see Hamlet Act I, 
Se. 5, 1. 107), The blackboard, and crayon are modem 
inventions, their nse having developed within the last one 
hundred years. 

The Greeks invented many kinds of drawing instruments 
f6r tracing various curves. It was due to the influence of 
Plato (380 B. C.) that, in constnicting geometric figures, 
the use of only the ruler and compasses is permitted. 



HISTOST OF GBOHBTRIC TBDTHS. PLANS GBOHBTRT 

852. Rectilineal Ffeures. The ^yp- f---'^''''''\ ^ 
tlans measured the area of any four- J \ 

sided field by multiplying half the sum ' ^ ^ 

of one pair of opposite sides by half the 

sum of the other pair; which was eqaivalent to using the 

formula, area = ^ X — ^ — ■ 

Thia, of course, gives a correct reeult for the rectangle and square, 
bat gives too great a reaalt for other quadrilaterals, as the trapezoid, 
•iUi. Heooe Joseph, of the Book of Genesis, in buying the fields of 
ihe Egyptians foe Pharoah in time of famine by the use of this 
formnla, in many cases paid for a larger field than be obtaiaed. 

The Egj-ptians had a special fondness for geometrical 
constructions, probably growing out of their work as temple 
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builders. A class of workers existed among them called 
"rope -stretchers," whose business was the marking out o( 
the foundations of buildings. These men knew how to 
bisect an angle and also to construct a right angle. The 
latter was probably done by a method essentially the same 
as forming a right triangle whose sides are three, four and 
five units of length, Ahmes, in his treatise, has various 
constructions of the isosceles trapezoid from different data. 

Thalea (600 B. C.) enunciated the following theorems: 

If two straight lines intersect, the opposite or vertical 
angles are equal-, 

The angles at the base of an isosceles triangle are eqaal; 

Two triangles are equal if two sides and the included 
angle of one are equal to two sides and the included angle 
of the other; 

The sum of the angles of a triangle equals two right 
angles ; 

Two mutually equiangular triangles are similar. 

Thales used the last of these theorems to measure the 
height of the great pyramid by measuring the length of 
the shadow east by the pyramid and also measuring the 
length of the shadow of a post of known height at the same 
time and making a proportion between these quantities. 

Pythagoras (525 B. C.) and his followers discovered 
correct formulas for the areas of the principal rectilinear 
figures, and also discovered the theorems that the areas of 
similar polygons are as the squares of their homologous 
sides, and that the square on the hypotenuse of a right 
triangle equals the sum of the squares on the other two 
sides. The latter is called the Pythagorean theorem. 
They also discovered how to construct a square equivalent 
to a given parallelogram, and to divide a given line iu 
mean and extreme ratio. 
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To EudozuB (380 B. C.) we owe the general theory of 
proportion in geometry, and the treatment of incommen- 
surable quantities by the method of Exhaustions. By the 
use of these he obtained snch theorems as that the areas 
of two circles are to each other as the squares of their 
radii, or of their diameters. 

In the writings of Hero {Alexandria, 125 B. C.) we first 
find the formula for the area of a triangle in terms of its 
sides,£"=vs(s — a) {s — b) {s — c). Hero also was the first 
to place land- surveying on a scientific basis. 

It ia a curious fact that Hero at the same time givea an iucerrect 
formula tor the area of a triaagle, viz., S=ia{b+e), thie formala 
being apparently derived from Egyptian eources. 

Zenodonw (150 B. C.) investigated isoperemetricaX 
figures. 

The Romans, though they excelled In engineering, ap- 
parently did not appreciate the value of the Greek geom- 
etry. Even after they became acquainted with it, they 
continued to use antiquated and inaccurate formulas for 
areas, some of them of obscure origin. Thus, they used 
the Egyptian formula for the area of a quadrilateral, 

K=-~T-X—^. They determined the area of an equilat- 
eral triangle whose side is a, by different formulas, all 



858. The Circle. Thales enunciated the theorem that 
every diameter bisects a circle, and proved the theorem 
that an angle inscribed in a semicircle is a right angle. 

To Hippocrates (420 B. C.) is doe the discovery of 
nearly all the other principal properties of the circle given 
in this book. 
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The Egyptians regarded the area of the circle as equiva- 
lent to |4 of the diameter squared, which would make 
T=3.iC04. 

The Jews and Bahylonlans treated -ji as equal to 3. 

Archimedes, by the use of inscribed and circnniBeribed 
regular polygons, showed that the true value of n lies 
between Z^ and 3H; that is, between 3.14285 and 3.1408. 

The Hindoo writers assign various values to 7t, as 3, 39, 
l/lO, and Aryabhatta (530 A. D.) gives the correct ap- 
proximation, 3.1416. The Hindoos used the formula 
^^2 1/4 j^2 (See Art. 468) in computing the numeri- 
cal value of 7t- 

Within recent times, the value of -n has been computed 
to 707 decimal places. 

The use of the symbol -n for the ratio of the circum- 
ference of a circle to the diameter was established in 
mathematics by Enler (Germany, 1750). 



HISTOKY OF GEOMETRIC TKUTHS. SOLID GEOMETRY 

854. Polyhedrons. The Egyptians computed the vol* 
nmes of solid figures from the linear dimensions of such 
figures. Thus, Ahmes computes the contents of an Egyp- 
tian bam by methods which are equivalent to the use 



is not known, it is not possible to say whether this formula 
is correct or not. 

Pythagoras discovered, or knew, all the regular poly- 
hedrons except the dodecahedron. These polyhedrons were 
supposed to have various magical or mystical properties. 
Hence the study of them was made very prominent. 
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Hlppasus (470 B. C.) discovered the dodecahedron, but 
"he Tvaa drowned by the other Pythagoreans for boasting 
of the discovery. 

Eudoxus (380 B. C.) showed that the volume of a pyra- 
mid is equivalent to one-third the product of its base by 
its altitude. 

E. F. August (Germany, 1849) introduced the prisma- 
toid formula into geometry and showed its importance. 

855. The Three Rouad Bodies. Eudoxus showed that 
the volume of a cone is equivalent to one-third the area of 
its base by its altitude. 

Archimedes discovered the formulas for the surface and 
volume of the sphere. 

Henelaus (100 A, D.) treated of the properties of 
Bpherical triangles. 

Gerard (Holland, 1620) invented polar triangles and 
found the formulas for the area of a spherical triangle and 
of a spherical polygon. 

856. Mon-EucUdean Geometry. The idea that a space 
might exist having different properties from those which 
we regard as belonging to the space in which we live, has 
occurred to different thinkers at different times, but 
Lobatchewaky (Russia, 1793-185G) was the first to make 
systematic use of this principle. He found that if, instead 
of taking Geom. Ax. 2 as true, we suppose that through a 
given point in a plane several straight lines may be drawn 
parallel to a given line, the result is not a series of absur- 
dities or a general reductio ad absurdumj but, on the con- 
trary, a consistent series of theorems is obtained giving 
the properties of a space. 
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EXERCISES. GROUP SS 

BEVIEW EXERCISES IN PLANE QEOMETBr 

fo. 1. I( tbe bisectors □( two adjacent aaglee are perpeudicnlat 
to each other, the angles are Bupplementaiy. 

Ex. 2. If a diagonal of a quadrilateral biaeotB two of its angles, 
the diagonal bisects the quadrilateral. 

Ex. S. Through a given point draw a secant at a given distance 
from the center of a given circle. 

Ex. 4. The bisector ol one angle of a triangle and of an exterior 
angle at another vertex form an angle which ia equal to one-bait tbe 
third angle of the triangle. 

Bz. 5. Tiie side of a sqnare is 18 in. Find the elroumference ot 
the inscribed and circumscribed circles. 

Ex. e. The quadrilnteral .^2)^(7 la inscribed in a circle. The diag- 
onals AB and i)C ioteraecl in tha point .P". Arc AD = 112°. arc AC = 
108°, i.AF0^7i°. Find all the other angles of tbe figure. 

Bz. 7. Find the locus of tbe center of a circle which touches two 
given eqnal circles. 

Bz. S. Find the area of a triangle whose sides are 1 m., 17 dm., 
210 cm. 

Bx. 9. The line joining the midpointa of two radii is perpendicular 
to the line biseoting their angle. 

Bz. 10. If a quadrilateral be inscribed in a circle and ita diag- 
onals drawn, bow man; pairs of similar triangles are formed f 

Bz. 11. Prove that the sum of the exterior angles of a polygon 
(Art. 172) equals tour right angles, by tbe use of a figure formed by 
drawing lines from a point within a polygon to the vert,ices of the 
polygon. 
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Bx. 12. In a circle wboae radius ia 
tangent drawn from a point at a digtani 

Ex. 18. If two sides of a regular i«ntagoQ be prodaeod, find tlta 
angle of their intereeotioQ. 



X.M4. In t 



1 the parallelogram ABCD, points are taken on the 
diaeonills such that AP=B<i'^CB=DS. Show that PQBS is a 
parallelogram. 

Bx. IS. A chord 6 in. long is at the distance 4 in. from the centei 
of a olrole. Find the distance from the center of a chord 8 in. long. 

Bx. 1^. If £ is a point in the circnmferesce of a circle whosa 
center is K), PA & tangent at anj point P, meeting OB prodaeed at J, 
and PD peppendicttlar to OB, then PB bitacts the angle APD. 

Bz. 17. Construct a parallelogram, given a side, an angle, and a 
diagonal. 

Bx. 18. Find In inohes the sides of an isosoelaB right triangia 
whose area is 1 sq. yd. 

'Kx. 19. Given the line a, constmct - ^'~ ' . 

Ex. 20. If two lines intersect so that the prodaot of the segmenta 
of one line equals the product of the segmants of the other, a cir- 
cumference may be passed through the extremities of the two lines. 

Ex. 21. Find the locus of the vertices of all triangles on a given 
base and having a given area. 

Ex. 22. On the figure p. 206, prove tiia,t'B(?+'lF^=AB^-tFd^- 

Bx. 23. The area of a rectsngia is lOS and the base is three times 
th^: altitude. FHnd the dimensions. 

Ex. 24. If, on the sides AC and BC of the triangle ABC. the 
aquarea, AD and BF, are conatructed, AF and DB are equal. 

Bx. 2fi. It the angle iuclnded between a tangent and a secant is 
half a right angle, and the tangent equals the radina, the seoaut 
passes through the center of the circle. 



3,„i,i=dbvGoogIe 



BEVIEW EXERCISES IN PLANE QEOMETKY 501 

Bz. 26. The sam ol tbe areM of two oirclea is 20 sq. jia., and th« 
difference of their areas ie 15 sq. yds. Find their radii. 

Ex. 27. Conatmet an ieosoeles trapezoid, given the bases and a 
leg. 

Ex. 28. Show that, if the alternate sides of a regnlar pentagon 
be produced to meet, the points of interaectiou formed are the vertices 
of another regalsr pentagon. 

Ei. 20. If a post 2 ft. 6 in. high oasts a shadow 1 ft. 9 in. long, 
how tall is a tree which, at the same time, cssts a shadow SS ft. long t 

Bz. 30. If two intersecting chords make equal angles with the 
diameter through their point of intersectijn, the chords are eqnal. 

Bz. 31. From a given point draw a secant to a circle so that the 
external segment is half the secant. 

Ex. 32. Find the loans of the center of a circle which tonchus a 
given circle at a given point. 

Ex, 33. It one diagonal of a quadrilateral biseots the other 
diagonal, the first diagonal divides the quadrilateral into two equi- 
valent triangles. 

Ex. 34. In a given square inscribe a square having a given side. 

Bz. 36. A field in the shape of an equilateral triangle contains 
one acre. How many leet does one aide contain f 

Bz. 36. If perpendioalars are drawn to a given line from the ver- 
tices of a parallelogram, the sum of the perpendiculars from two 
opposite vertiees equals the sum of the other two perpendiculars. 

Bz. 37. Any two attitudes of a triangle are reciprooally propor- 
liCDsJ to the bases on which they stand. 

Ex. 88. Construct a triangle equivalent to a given triangle and 
having two given sides. 



Ex. 40. M is the midpoint of the hypotenuse AS of e right tri- 
ftngle ABC. Prove 8 M&=2^+BC^+AC?. 
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Ex. 41. Traniform a given triangle into an equivalent right tri- 
angle containing a given acate angle. 

Ex. 42. The area of a sqaare inscribed in a semiojrole is to the 
area of the eqaare inaoribed in the circle as 2 : 5. 

Ex. 43. If, on a diameter of the circle O, OA-OB and AC is par- 
allel to BD, the chord CD is perpendicalar to AC. 



Ex. 46. State and prove the converse of Prop. XXI, Book m. 

Ex. 46. If, in a given trapezoid, o 
baae, the segments of each diagonal a 

Ex. 47. If two Bides of a triangle are 6 and 12 and the angle 
included by them is 60°, fiad the lengtli of the other side. Also find 
this when the inclnded angle is 45°; bIbd, when 120°. 

Ex. 48. How many sides has a polygon in which the snm of the 
Interior angles exceeds the sum of the exterior angles hy 540°! 

Ex. 49. If the tonr aides of a qaadrilateral are the diameter of a 
eirole, the two tangents at its extremities, and a tangent at any other 
point, the area of the quadrilateral equals one-hatf the product of the 
diameter by the side opposite it in the quadrilateral. 

Ex. 60. An eqnilateral triangle and a regular hexagon have the 
same perimeter; find the ratio of their areas. 

Ex. 61. To a circle whose radius is 30 cm. a tangent is drawn 
from a point 21 dm. from the center. Find the length of the tangent. 

Ex, S2. If two opposite sides of a quadrilateral are equal, and 
the angles which they make with a third side are equal, the quad- 
rilateral is a trapezoid. 

Ex. 63. K two circles are tangent eitomally and two parallel 
diameters are drawn, one in each circle, a pair of opposite extremities 
of the two diameters and tlie point of contact are coliinear. 

Ex. 64. If, in the triangle ABC, the line AD is perpendicular to 
BD, the bisector of the angle B, a line through D parallel to BC 
biseots AC. 
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Ex. 66. Bisect a given triangle by a line parallel to a gvreo line. 

Ex. 66. If two parallelograms have an angle of one equal to the 
supplement of an angle of tbe other, their areas are to eaoli otber aa 
the products of the sides inclading the angles. 

Ex. 67. The Bam of the medians of a triangle is less than the 
perimeter, and greater than half the perimeter. 

Ex. 58. If PASS is a secant to a circle through the center 0, PT 
a tangent, and TB perpendicular to PB, then PA : PB = PO : PB. 

Ex. 69. Two concentric circles have radii of IT and IS. Find the 
len)^ of the ohord of the larger whiah u tangent to tbe smaller. 
Ex. 60. On the figure, p. 244, 

(a) Find two pairs of similar triangles; 

( b) Find two dotted lines which are perpendicular to each other ; 

(c) Discover a theorem concerning points, not connected by lines 
on the figure, which are collinear; 

(d) Discover a theorem concerning squares on given lines. 

Ex. 61. One of the legs, AC, of an isosceles triangle is produced 
through tbe vertex, C, to the points, and F is joined with D, the mid- 
point of the base AB. DF intersects BC in E. Prove that C^is 
greater than CE. 

Ex. 62. The line of centers of two circles intersects their common 
external tangent at P. PABCD is a secant intersecting one of the 
two circles at A and B and the other at C and D. Prove FA X PD=' 
PBX PC. 

Ex. 63. Trisect a given parallelogram by lines drawn through a 
given vertex. 

Bz. 64. Find the area of a triangle the sides of which are the 
chord of an arc of 120° in a circle whose radius is I ; the chord of an 
arc of 90° in a circle whose radius is 2; and the chord of an arc of 
60° in a circle whose radius is 3. 

Ex. 66. Construct a triangle, given the median to one side and a 
median and altitude on the other side. 

Ex. 66. Two circles intersect at P and Q. The chord CQ is tan- 
gent to the circle QPB at Q. APB is any ohord through F. ProTS 
that AC is paraUel to BQ. 
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Ex. 67. In the triangle ABC, from D, tbe midpoint of BC, DE 
and DP are drawn, bisecting the angles ADB and ADC, and meeting 
AB at E and AC at J^*. Prove EF \\ BC. 

Ex. 68. Prodaoe the side BC of the triangle ABC to a point P, so 
thMPBXPC=Pl^. 

Ex. 69. In a given eirele inscribe a rectangle simitar to a given 
rectangle. 

Bz. 70. In a given semloirole inscribe a rectangle similar to a 
given rectangle. 

Ex. 71. The area of an isoseeles trapezoid is 140 sq. ft., one base 
is 26 ft., and the legs make an angle of 49° with the other base. Find 
the other base. 

Bz. 72. Cut off one-third the area of a given triangle hj a line 
perpendicular to one side. 



Ex. 74. Divide a given line into two parts snch that the snm of 
the squares of the two parts shall be a minimum. 

Ez. 76. If, from Uij point In the base of a triangle, lines are 
drawn parallel to the sides, find the loons of the oenter of the paral- 
lelogram so formed. 

Ez. 76. Three sides ol a quadrilateral are S4S, 613, 810, and the 
fourth side is perpend icalar to the sides MS and 310. Find the area. 

Ex. 77. If BP bisects the angle ABC, and DP _ o 

bisects the angle CDA, prove that angle P'^i sum 
of angles A and C, 

Ez. 78. Two circles intersect at P and Q. 
Through a point A in one circumference lines JPC 
and AQD are drawn, meeting the other in C and D. Prove the tan- 

geat at A parallel to CD, 

Ez. 79. In a given triangle, draw a line parallel to the base and 
terminated by tbe sides so that it shall be a mean proportional be- 
tween thiii aegmeats of one side. 
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80. Find the angle inscribed in a Bemicirele the mim ot nhoaa 



E2. 81. The baaea oC a trapezoid are 160 and 120, and the »lti- 
tude 140. Find the dimenBions of two eqaivalent trapesoids into 
which the gvvejk trapezoid is divided by a line parallel to the base. 

Ex. 82. If the diameter of a given circle be divided into any two 
BcgmeiitB, and a semioircumferenoe be deioribed on the two segments 
on opposite sides of the diameter, the area of the circle will be di- 
vided by the Bsmioircamferencea thas drawn into two parts having 
the some ratio as the eegments of the diameter. 

Bz. 83. On a given straight line, AS, two segments of aircles are 
drawn, APB and AQB. The nngles QAP and QBP are bisected by lines 
meeting in B. Prove that the angle £ is a constant, wherever P and 
Q may be on their ares. 

Bz. 84. On the side AB of the triangle ABC, as diameter, a cir- 
cle is described. EF is a diameter parallel to BC. Show that EB 
bisects the angle ABC. 

Ex. 86. Construct a trapesoid, given the bases, one diagonal, and 
an angle included by the diagonals. 

Ex. 86. If, throngh any point in the common chord of two inter- 
secting circles, two chords be drawn, one in each circle, throagh the 
four extremities of the two chords a oironmferenoe may be passed. 

Ex. 87. From a given point as center describe a circle cutting a 
given straight line in two points, so that the product of the distances 
of the points from a given point in the line may equal the aquore of a 
given line segment. 

Ex. 88. A£ is any chord in a given circle, P any point on the 

circumference, Pif is perpendionlar to AB and is produced to meet 
the circle at Q; AN in drawn perpendicular to the tangent at P. 
Prove the triangles SAM and PAQ aimilar. 

Ex. 89. If two circles ABCD and EBCF intersect in B and C and 
have common exterior tangents AE and DF cnt by SC produced at Q 
and a, then G^=B&+A£?, 
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EXER0I8E*. GROUP >7 

REVIEW EXERCISES IN SOLID GEOMETRY 

Ex. 1. A Begment oE ft straight liae obliqae to a plane is greater 
than its projection on the ylaue. 

Ex. 2. Two tetrahedrons are Bimilar i[ a dihedral angle of ons 
equals a diliedral angle of the other, and the faces forming these 
dihedral angles are similar each to each. 

Ex. 8. A plane and a straight line, both of which are parallel to 
the same line, are parallel to each other. 

B face of a cube is 10 inches, find the 

Ex. 6. Constrnct a spherical triangle on a given sphere, given the 
poles of the sides of the triangle. 

Ex. 6. QiYea AB J. MN, 

AEttad BF ± MB; 
prove EF ± FM. 




Ex. 7. The diagonals of a rectangnlar 
lelopiped are equal. 

Ex. 8. What portion of the surface of a 
is a triangle each of whose angles is I40°T 

Ex. 9. ThroQgh a given point pass a plane parallel to two given 
straight lines. 

Ex. 10. Show that the lateral area of a cjitindsr of revolution is 
equivalent to a circle whose radius is a mean proportional between 
the altitude of the cjriinder and the diameter of its base. 

Ex. 11, The volumes of polyhedrons circumscribed abont eqoa) 
spheres are to each other as the surfaces of the polyhedrons. 

Ex. 12. Find Sand T of a regular square pyramid an edge of 
whose base is 14 dm., and whose lateral edge is 250 cm. 

Ex. 13. If two linesareparallelandaplane be passed throogbeach 
line, the intersection of tti^se planes is parallel to the given lines. 
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B>. 14. Oiven PH ± plana AD, 
IPEH=IFFE; 
prove I PEF= £ FFE. 



Bz. 16. It a plaoe be ptissed 
tbrovgh the midpoints of three C 
edges of a parallelepiped which 

meet at a vertex, the pyramid tbns formed Is what part of the 
par&tlelopiped f 

Ex. 16. Find a point in a plane sach that the snm of ita distanoBB 
from two given points on the same eide of the plane is a mimmnm, 

Ex. 17. Given the points A, B, C, I> in a plane and F a point 
outside the plane, AB perpeudionlar to the plane PBD, and AC per- 
pendicnlar to tha plane PCD; prove that PD ia perpendicular to 
the plana ABCD. 

Ex. 18. In a spherti whoso radias is 5, find the area of a zone the 
ladii of whose upper and lower basee are 3 and 4. 



Ex. 20. The midpoints of two opposite sides of a qaadrilateral in 
space, and the midpoints of ite diagonals, are the vertices of a 
parallelogram. 

Bz. 21. How many feet of two-inch planh are necesHsiy to con- 
struct a box twice as wide as deep and twice as long as wide (on the 
inside), and to contain 216 eo. (t.T 

Ex. 22. If two spheres with radii B and r are concentric, find tha 
area of the section of the larger sphere mode by a plane tangent to 
the smaller sphere. 

Bz. 23. In the frnstum of a regular square pyramid, the edges 
of the bases are denoted by bi and b-: and the altitude hy H; prove 
that £ = il/lfii— W + ^fl'. 

Ex. 24. If the opposite sides of a spherical quadrilateral are equal 
the opponite angles are equal. 
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Ez. 26. Obtain the simplest fonnultk for the lateral Borface of a 
tniii<!at«d trisngnlaF right priem, each edge of whose base is a, and 
irboBB lateral edges are p, q, and r. 

Ex. 20. The area of a zone of one base is a meaD proportional 
between the remaining enrtace of the sphere and its entire surface. 
Find the altitude of the zone. 

Ex. 27. The lateral edges of two simitar fmsta are aa 1 : a. How 
do their areas compare T Their Tolumes f 

Ex. 28. Constmct a spherical surface with a given radius, r, which 
shall be tangent to a given plane, and to a given sphere, and also paaa 
tbrongh a given point. 

Ex. 29. The volume of a right circular cylinder equals the area 
of the generating rectangle multiplied by the oireumferenoe generated 
by the point of intersection of its diagonals. 

Ex. 80. On a sphere whose radius is 8i inches, find the area o! a 
zone generated by a pair of compasaeB whose points are inchea 

Bx. 31. The perpendicular to a given plane from the point where 
the altitudes of u regular tetrahedron intersect equals one-tourtb the 
sum of the perpendiculars from the vertices of the tetrahedron to the 
same plane. 

Ex. 82. Two trihedral angles are equal or symmetrical if their 
corresponding dihedral angles are equal. 

Ex. 33. Ou a sphere whose radius is a, a zone has equal bases 
and the sum of the bases equals the area of the zone. Find the alti- 
tude of the Kone. 

Ex. 84. A plane which bisects two opposite edges of a tetrahedron 
bisects the volume of the tetrahedron. 

Ex. 35. Find the locns of all points in space which have their 
distances from two given parallel tines in a given ratio. 

Ex. 36. It a, f>, c are the sides of a spherical triangle, a', V, </ 
the sidea of its polar triangle, and a'>'b>c, then «'<&'<«'. 

Ex. 37. A cone of revolution has a lateral area of 4 sq. yd. and 
an altitude of 2 ft. How much of the altitude must be out oft bj a 
plane parallel to the base, in order to leave a fmstnm whose lateral 
area is 3 sq. ft. I 
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Ex. S8. The total area of an equilateral cone is to the area ol the 
inscribed sphere as 9 : 4. 

Ex. 39. CouHtraot a iphere of given radius, r, whose surface shall 
be tangent to three given spheres. 



Ex. 41 . On each baaa of a a7linder of revolution a oone is placed, 
with its vertex at the center of the opposite base. Find the radios of 
the circle ol interseotion of the two conical Hnrfaoes. 

Ex. 42. The volume of a frustum of a oone of revolution equals 
the aum of a cjtinder and a oone of the same altitude aa the frustum, 
and with radii which are respectively the half sum and the half differ- 
ence of the radii of the fmstnm. 

Ex. 43. A square whose side is a revolves about a line through 
one of its vertices and parallel to a diagonal, as axis; find tbe surface 
and volume generated. 

Ex. 44. If a cone ot revolution roll on another fixed oone of revo- 
lution so that their vertices coincide, find the kind of fmrfaoe gen- 
erated hy the axis of the rolling cone. 

Ex. 46. An eqailataral triangle whose side is a revolves about an 
altitude as an axis; find the surface and volume generated by the 
inscribed circle, and also by the circnmseribed eircle. 

Ex. 46. Find the locus of the center of a sphere which is tan- 
gent to three given planes. 

Ex. 47. If an equilateral triangle whose side ia a be rotated abont 
a line through one vertex and parallel to the opposite side, as an axis, 
find the anrfaoe and volume generated. 

Ex. 48. What other formulas of solid geometry may be regarded 
as special cases of the formula for the volume of a prismatoid t 

Ex. 49. Through a given point pass a plane which shall bisect the 
volume of a given tetrahedron. 

Ex. 50. In an equilateral cone and a cone whose opposite ele- 
ments are perpaudicular at the vertex, show that the ratio of tbe 
Tertioal solid angles is as 2—y"i : 2—y'2. 
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{Books VI and VII) 

1. A carpenter tests the flatness of a surface by applying a t traight 
edge to the surface in various directions. How does a plastei'er test 
the flatnesB of a wall surface? What geometric principle is used by 
these mechanicB? 

2. Explain why an object with three legs, as a stool or tripod, 
always teetfi firmly on the floor while an object with four legs, asatable, 
does not always rest so. Why do we ever use four-l^ged pieces of 

go' furniture? 

8. How can a carpt;nt«r 
get a comer post of a house 
in a vertical position by use of 
a carpenter's square? What 
geometrical principle does he 

4. Tlie diagram is the plan 
of a bip roof. The slope of 
each face ot the roof is 30°. 
Find the length of a hip rafter 
aaAB. 

[ScG. Draw a triangle DBC representing a section of the roof at 
20 
DBC on the plan. Hence it may be shown that BC = — V3. In 

like manner by taking a section through 
BF, it is found that AC = 10. Hence in 
the triangle ABC, AB may be found. 

ff. Find the area of th< 
represented in Ex. 4. 

6. Make drawings showing at. 
angle the two ends of a rafter Lke BC in Ex. 4 must be cut- 
510 
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7. Make drawings showing at what angle a jack rafter like 12 in 
Ex. 4 must be cut. 

[Sua. To determine how tJie end 1 of the jack rafter must be cut 
use the principle that two intersecting straight Unes determine a plane 
(Art. 501). The cutting plane at 1 must make an angle at the aide 
of the jack rafter equal to angle CBH, and on the top of the jack rafter 
equal to an^e ABC] 

8. What is a gambrel roof? Make up a set of examples concerning 
a gambrel roof similar to Exs. 4-7. 

9. By use of Art. 645, show that a page of this book held at twice 
the distance of another page from the same lamp receives one fourth 
the light the first page receives. 

10. The supporting power of a wooden beam varies directly as the 
area of the cross section times the height of the beam and inversely as 
the length of the beam. Compare the supporting power of a beam 
12 ft. long, 3 in. wide, and 6 in. high with that of a beam 18 ft. long, 4 in. 
wide, and 10 in. high. Also compare the volumes of the two beams. 

EXERCISES. GROUP 94 
(Books VIII and IX) 

1. A hollow cylinder whose inside diameter is 6 in. is partly filled 
with water. An irregularly shaped piece of ore when placed in the 
water causes the tap surface of the water to rise 3.4 in. in the cylinder. 
Find the volume of the ore. 

2. What is a tubular boiler? What is the advantage in using a 
tubular boiler as compared with a plain cylindrical boiler? It a tubular 
boiler is 18 ft. long and contains 32 tubes each 3 in. in diameter, how 
much more heating surface has it th^ui a plain cylindrical boiler of the 
same length and 36 in. in diameter? (Indicate both the long method and 
the short method of making this computation and use the short method.) 

3. If a bridge is to have its linear dimensions 1000 Umts as 
great as those of a given model, the bridge will l>e how many times 
as heavy as the model? 

Why, then, may a bridge be planned so that in the model it will sup- 
port relatively heavy weights, yet when constructed according to the 
model, falls to pieces of \ta own weight? 

Show that this principle applies to other constructions, such aa 
buildings, macbiues, etc., as well as to twidsea. 
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512 GEOMETRY 

4. Work ^ain Exs. 23-25, 27, p. 473. 

6. Make and work for yourself b,o example fflmilar to Ex. 24, p. 473. 

6. Sound Bpreads from & center in the form of the surface of an 
expanding ephere. At the distance of 10 yd. from the source, how will 
the eurface of this sphere compare with its surface as it was at 1 yd.? 
How, then, doea the intensity of sound at 10 yd. from the source com- 
pare with its intensity at a distance of 1 yd. 7 

Does this law apply to all forces which radiate or act from a center 
ae to light, heat, magnetism, and gravitation? Why is it called the 
law of inverse squares? 

7. If a body be placed within a spherical shell, the attractive forces 
exerted upon the body by different parte of the shell will balance or 
cancel each other. Hence a body inside the earth, as at the foot of a 
mine, is attracted efFectively only by the sphere of matter whose radius 
is the distance from the center of the earth to the given body. Hence, 
prove that the weight of a body below the surface of the earth varies 
as the distance of the body from the center of the earth. 

[Sua. If W denote the weight of the body at the surface, and w its 
weight when below, B the radius of the earth, and r the distance erf the 
body from the center when below 
the surface, show that 

8. The Uglit of the sun falling 
1 the earth or the moon, causes that body to 
I conical shadow. Denoting the radius of the sun by R, the 
radius of the smaller sphere by r, the distance between the two spheres 

by d, and the length of the shadow by I, show that I = -^-— — - 
Find ( when d = 92,800,000 mi., R = .433,000 mi., r = 4000 mi. 
9. If in a lunar eclipse the moon's center should pass through the 

axis of the conical shadow, and the moon is traveling at the rate of 

2100 mi. an hour, how long would the total ecUpse of the moon last? 
How long if the moon's center passed through the earth's conical 

shadow at a distance of 1000 mi. from the axis of the cone? 
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10. If the moon's diameter ia 2160 mi,, find the length of the moon's 
shadow as caused by Bunlight. 

11. If the distance of the moon from the earth's center varies from 
221,600 mi. to 252,970, show how this explains why some eclipses of the 
Bun are total and othera annular. 

Why, also, at a given point on the earth's surface is an eclipse of the 
Bun a so much rarer sight than an eclipse of the moon? Why, also, is its 
duration so much briefer? 

12. Prove that the latitude of a place on the 
earth's surface equals the elevation of the pole 
(that ie, on the diagram, prove Z QEA = /.PAO). 

^ Z^ IS. Given the sun's declina- 

y p tion (i.e. distance north or south 

of the celestial equator), show 

how to determine the latitude 

'^ of a place by measuring the zenith distance of the 
Bun. Also by measuring the altitude oi the sun above the horizoc. 

U. How was Peary aided by the principles of Exs. 26 and 27 in 
determining whether he had arrived at the North Pole? 

16. If on April 6 (the day of the year on which Peary was at the 
North Pole) the sun was 6° 7' north of the celestial equator, how high 
above the horizon should the sun have been as observed by Peary? 
At what hour of the day was this? 

16. What is the sextant? Explain and prove the principle of the 
sextant. 

17. Explain and prove the principle of the angle-meter. 
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FOEMULAS OF PLANE GE0ME3TEY 



a, h, o»BideB of toUngle ABC. A=radiva of a circle. 

a™^(a-J- 6 + e). i>=diameter o( & circle. 

AfBaltltade on aide e. C=circamfereiice of acircle. 

ffio=mMlian on Bide e. r=TadiQH of an inscribed 

J«—biseetor of angle opposite circle. 

side e. ""s^approi. (oi'3.1410 — ). 

laadfflBliue segments. £'=&re&. 

P= perimeter. i = ba8e of a triangle. 

&=gide of e, regular polygon b = altitude of a triangle. 

of n sides. Si and &i=bases of a trapezoid. 

LBHOTHS OF LINES 



1. In a right triangle, C being the right angle. 



3. In an obliqae triangle, ni being the pFOJectioa of i on c, 

it a is oppoaito an acute ^, o' = 6' H-c* — 2 cX »». Art. 349. 
if o is opposite an obtuse -i, o' = 6' + c' + 2 cXm. Art. 350. 

4. hi=iy/s(s — a) {s — b) {a — c). Art, 393. 

5. mc=il/2(a' + b'')—<?. Art. 353. 

6. ((, = — ^l/a6s(»~c). Art. 363. 

7. If I and nt are the segments of c made bj the bisector of the 
angle op poHite, o : 6=1 : m. Arts. 332, 330, 

1514) 
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8. If I and m are the segmentB of a line, a, divided in extreme and 
lean ratio, and i > m, ' o :(=.(.■«. Art. 370. 

,.,n .,.,., po,„„,{-^-;^ -:»; 

10. In circles, C : C' = B: JC; also C : C=D ■.D'. Art. 442, 

11. C=2 *S, or C = wl>. Art. 444. 

12. An arc = "^"^ra^^angle ^ ^^_ ^^_ ^^^ 

13. In Inscribed legulor polygoDS, 

. S2n=VB {2B — i/rS'— S„'). Art. 467. 

AREAS OF PIANE FIGVBES 

1. In a triangle, K=i bh. Art. 389. 

2. In a triangle, £=i/s («— a) (s — 6> (s — c). Art. 393. 

3. In an equilateral triangle, K=^^ — Es. 4, p. 257. 

4. Inaparallelograni, £=6Xft- Art. 385. 

5. ,In aUapezoid, Jr=i ft (fii + 62). ' Art, 394. 

6. Inaregalar polygon, K=irJ;; P. Art. 446. 

7. In a Circle, K^-ttIP or £=i "■!>'. Art. 44S. 

Art. 453. 

-X Tip. Art. 453. 

9. In a segment of a circle, £'=8ector ± A formed by the chord 
and radii of the segment. 

10. In n circular ring, E=v {E' — B"). Art. 449. 

11. In any two aimiloi plane flgniett 

E:E^=a' -.a"; Art. 399. 

alHoa : a' = \/K : \/~K'. Art. 314. 

12. In two circles, K : ff'^B" : B^^O" : D"=C : CP; Art. 452. 

fHao 2t : ^=D : D'=C : C'=y'E -.yK'. Art. 314. 
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FOEMULAS OF SOLID GEOMETRY 



3, b=&T6&B of the lower and vp- i'=perimeter of rigbt seetion. 

per baeoB of a IruBtum. P, p=peFimeters of lower and up' 

£=lBteral edge (or element) ; per bases of a fnistuni. 

or r, 1^ = radii of bases. 

= sphemal excess. S=area of lateral surface; or 

.&=altitDde. =area of surface of sphere, 

A, h=lenKtb, breadth, height. etc. 

X=a1ant height. T^area of total surface. 

Jlf=area of midsection. r=!To1uaia. 

FOttHDLAS FOR ABEAS 

In a prism, S=EXP. Art. 608. 

a resnlar pTiamid, S = i LXP- Art. 641. 

. In a fniatnm of a repilar pyramid, S=i (P + p) L. Art. 643. 

a cylinder of lerolation, 8=2 ^BB. Art. 697. 

- r=2Tfi(B + fl). Art. 697. 

. In a cone of rerolution, S='BL. Art, 721. 

r=TJi(x + JI). Art. 721. 

In a fmatnm of a cone of revolution, S=tX (R-\-r). Art. 727. 

In a sphere, S=4 Tip, or S^'riH'. Art. 810. 

In a zone, .9=2 ^BB. Art. 813. 

In a lune, S=^^- Art. 817. 

10. In a spherical triangle, 8=^-— ■ Art. 822. 

11. In a. apherical polygon, S=-r^ Art. 824. 
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POEMUI4AS OF SOLID GEOMETER 

FomnriAS fok voluhbs 

In a priam, V=By_H. Art. 62B. 

In a pwallelopiped, F=IX6Xft. Art. 626 

In a pyramid, r=4 BX H. ■ Art. 651 
In a fniatam of a pyiattud, V=i S {B-\-h+ i/b6). Art. 656, 

In a prismatoifl, V=k H {B + b +< M). Art. 663, 

In a cylinder, V^BXU. Art. 6B8. 

In a cylinder of revolution, r=JrB'fl, Art. 699. 

In a cone, r=i SX A^- Art. 722. 

In a dicnlar cone, V=\ ^B^E. Art. 723. 

10. In a. fxnatam ot a com, V=iB{B + b + \/Bby. Art. 729. 

11. In a frnstum of a cone of revolntion, 

r^i-^aiff + r' + Sr). Art. 730. 

12. In a sphere, F=iirB>,orr=i5rD». Art. 832. 

13. In a spherical sector, P=i Trips. Art. 836. 

14. In a spheiical eesment of two bases, 

V^i (vr' + TrT") H + iirH". Art. I 

15. Id a spherical segment of one base, r=^a^ {B — i S). 

Art. 638. 

CONST ARTS 

1 acre = 43,560 sq. ft. ^2 = 1.2599 + 

1 bushel =2150.42 eu. In. ^3=1.4423 + 

1 gallon=231 cu. in. ^ = .3183 + 

1^2=1.4142+ ^ir = 1.7725 — 

V'3=1.732I— ;^»0.6642 + 
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GEOMETRy. APPENDIX 



SDiniARY OF METRIC STSTBM 



TABLE rOK LZMTH 



10 millimeters (m 


m.) =1 oantimeter (era.) 


10 cm. 


= 1 decimeter (dm.) 


10 dm. 


= 1 meter (m.). 


10 m. 


=1 Dehuneter (Dm.) 


lODra. 


= lHekt<imeter (Hm.) 


10 Hm. 


=1 Kilometer (Km.) 


10 Km. 


= lMyriiimeter(Mm.) 



Similar tables are used for the UDit of weight, the gram ; tor the 
niiit of capaeitj, the liter; for the unit of land measnre, the are; and 
for the unit of wood c 



TABLE FOB SQUAKE HEASUKX 

100 sq. mm.^I sq. cm. 



TABLE FOK COBIC MSASDKX 



1000 cu. 


mm. = l cu. cm. 


1000 en. 


cm. =1 eu. dm., etc. 


A Kler =1 cu. dm. 




A f rant- weight of 1 < 


!U. em. Of water at 39. 


An are =100 eq. m. 




A ttere =1 ou. m. 






EQDITALIHIS 


1 meter 


=39.37 inebee. 


1 liter 


= 1.057 liquid quarts, 




or .9581 dry quarts. 


1 kilogram =2. 2046 Iba. av. 


1 hektare 


= 2,471 aorOB. 


iBq.m. 


= 1550- sq. m. 
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INDEX OF DEFINITIONS AND FORMULAS 



Altitude of cone .,..'. 

of cylinder ' 

of frustum of cone . • 

of frustum of pyramid . : 

of prism = 

of pyramid . . . , ! 
of spherical segment . . ' 

of zone '. 

Angle, diliedral . . . . ; 
, formed by two curves . 4 

of lune 4 

polyhedral i 

spherical 4 

tetrahedral i 

trihedral ; 

Angles of spherical polygon 4 

AppoloniuB 4 

Arahs 4 

Archimedes . . 407,4 

Aryabhatta i 

August, E. F 4 

, Axis of circle of sphere . 4 
of circular cone . . , '. 
of regular pyramid . . ; 

Babylonians 4 

Base of cone 4 

of pyramid 3 

of spherical pyramid . . 4 
of spherical sector . , , 4 



Bases of cylinder 
of frustum of cone 
of frustum of pyramid 



Bodies, The Three Round . 492 

Center of sphere .... 425 

Circle 496 

great 427 

small 427 

Cone 412 

altitude of 412 



is of 



. 413 



base of 412 

circular 413 

circular, formula for vol- 
ume of 418 

circular, formulas for lat- 
eral, a total area of . 417 

elements of . 

lateral surface of . 

oblique circular 

of revolution . 

right circular . 

vertex of , . 
Cones, similar 
Conical surface , 

directrix of 

element of , 
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INDEX OF DEFINITIONS AND FORMULAS 



Conical surface, generatrix 

of 412 

nappes of 412 

vertei of 412 

ConfiUota 513 

Continuitj', principle of . 485 

Cube 363 

Curved spaces .... 488 

Cylinder 403 

altitude of .... 403 

bases of 403 

circular 404 

circular, properties of . 405 

elements of 403 

lateral surface of . , . 403 

oblique 404 

of revolution .... 404 
of revolution, formulas for 
lateral and total areas 

of 409 

right 404 

right circular .... 404 
right section of . . . 405 

section of 405 

Cylinders of revolution, 

similar 404 

Cylindrical surface . . . 403 

directrix of 403 

element of 403 

generatrix of ... . 403 



Degree, spherical . 
Determined plane 
Diagonal of polyhedron 
Diameter of sphere . 
Dihedral angle . 

edge of 

faces of . . . . 

plane angle of . . . 

right 



452 



PASE 

Dihedral angles, adjacent . 337 

equal 337 

vertical 337 

Directrix of conical surface 412 

of cylindrical surface . 403 

Distance from point to plane 328 

on surface of sphere . . 428 

polar, of great circle . . 429 

polar, of small circle . . 429 

Dodecahedron .... 360 

Duality, principle of . 43S 

Edge of dihedral angle . . 337 
Edges of polyhedral angle . 349 

of polyhedron .... 360 
Egyptians. 490,491,492,494,407 
Elements ot conical surface 412 

of cylindrical surface . 403 
Equivalent solids . . . 363 

Euclid 491 

Eudoxus . . . 493,490,498 

Eulor 497 

European 400 

Faces of dihedral angle . . 337 

of polyhedral angle . 349 

of polyhedron .... 360 

Figures, rectilinear . . . 494 

Formulas of plane geometry 

for lengths of lines 514. 515 
for plane geometry, for 

areas of plane figures . 515 
ot solid geometry, for 

areas sitf 

of solid geometry, for vol- 
umes BIT 

Foot of line 320 

Frustum of cone . . .414 

altitude of 414 

bases of 414 
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INDEX OF DEFINITIONS AND FORMULAS 



FruBtum of cone, formula for 
lateral area of . . . 420 

formula for volume of . 423 

lateral surface of . 

slant height of 
Frustum of pyramid 

altitude of . . . 






slant height of 



Generatrix of conical surface 412 
of cylindrical surface , 403 

Geometry, epochs in develop- 
ment of 490 

history of . . . 400-408 

modern 485 

Non- Euclidean . . 488,496 

origin of 490 

projective 485 

solid 319 

Gerard 498 

Greeks . . . 490, 402, 403, 494 

Hero 490 

Hexahedron 360 

Hindoos . . . 490,492,497 

Hippasius 498 

Hippocrates . . 401, 492, 496 
History of geometry . 490-498 
Homology, principle of . 487 
Hyperspace 488 

Icoaahedron 360 

Inclination of line to plane 347 

Jews 497 

Lateral area of frustum of 

pyrAinid, formula lor . 37P 



Lateral area of frustum of 

prism 361 

of pyramid 377 

Lateral edges of 'prism . 381 

of pyramid 377 

Lateral faces of prism . . 3fil 

of pyramid 377 

Lateral surface of cone . 412 

of cylinder 403 

of frustum of cone . . 414 
Line parallel to plane . . 321 

perpendicular to plane . 320 
Lobatchewsky .... 498 
Logical methods .... 402 
Lnne 453 

angle of 452 

formula for area of^ in 
spherical degrees .457 

formula for area of, in 
square units of area . 457 

Mechanical methods . . 493 

Menelaua 49S 

Methods, logical .... 492 

mechanical 493 

rhetorical 401 

Metric system, summary of 514 

Modem geometry . . . 4SS 

Nappes of cone .... 412 
Negative quantities . 485, 48S 
Non- Euclidean geometry 

488,498 

Octahedron 360 

Origin of geometry . . 40O 

Parallelopiped .... 362 

right 362 

rectangular .... 363 
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INDEX OF DEFINITIONS AND FORMULAS 



Parallel planes .... 3 

Perpendicular planes . . 3 

Plane 3 

determination of . 319,3 

Planes, parallel .... 3 

Plato 491,4 

Polar distance of circle . 4 

triangle 4 

Pole 4 

Polygon, spherical ... 4 

Polyhedral angle ... 3 

convex 3 

edges of 3 

face angles of . .3 

faces of 3 

vertex of 3 

Polyhedral angles, equal 3 

symmetrical .... 3 

vertical 3 

Polyhedron 3 

convex 3 

diagonal of 3 

edges of 3 

faces of , 3 

regular 3 

Bcction df 3 

vertices of 3 

Polyhedrons 4 

classification of ... 3 

similar 3 

Postulate of solid geometry S 

Prism 3 

altitude of 3 

bases of 3 

circumscribed about cyl- 

inscribed in cylinder . 4 

lateral area of . . . .3 

lateral edges of . . i 

JMeral faces of . . . i 



Prism, oblique 

quadrangular .... 

right 

right section of . . . 

triangular 

truncated 

Prismatoid 

bases of 

formula for volume of 

Prismoid 

Projection of line on plane 

of point on plane , 
Pyramid 

altitude of 

aiis of 

circumscribed about cone 
frustum of .... 
inscribed in eone . 
lateral area of ... . 
lateral edges of . . . 
lateral faces of . . . 
quadrangular .... 

r^ular, slant height of . 

spherical 

triangular . . . . 

truncated 

vertex of 

Pythagoras . 491, 492, 495, 



497 



Radius of sphere . . .425 
Reciprocity, principle ot . 488 
Rectilinear figures . . 404 

Rhetorical methods . . 491 

Right section of cylinder . 405 

of prism. 361 

Romans .... 494,496 
Round Bodies, The Three 498 
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INDEX OF DEFIXITIONS AND F0RMII_\S 



bU 



Section ot Polyhedron . , 3 

of sphere 4 

S^ment of sphere . . . 4 

Similar coaes of revolution 4 

cylinders of revolution . 4 

Sectors of circles ... 2 

Segmenta of circles ... 2 

Slant height of cone . . 4 

of frustum of cone . . 4 

of frustum of {lyraniid . 3 

of regular pyramid . . 3 

Solid geometry .... 3 

Solids, equivalent ... 3 

Spaces, curved .... 4 

Sphere 4 

axis of 4 

center of 4 

circumscribed about poly- 
hedron 4 

diameter of .... 4 
formula for area of sur- 
face of 4 

formula for volume of. . 4 
great circle ot . .4 

inscribed in polyhedron . 4 

radius of 4 

small circle of ... 4 

Spherical angle .... 4 

degrees 4 

excess .... 444,4 

Spherical polygon ... 4 

angles of 4 

sides of 4 

vertices of 4 

Spherical pyramid ... 4 

base of 4 

vert« of 4 

Spherical M^or .... 4 



PAUK 

Spherical sector, fonutiU for 

volume of .... 4(14 

Sphprioal scgnioiit . . . i6i 

altitude of 4U^ 

bases of ioi 

formulas for voluuips ol , 4ttB 

of one base .... 4(12 

Spherical triauKlo . . . 4:18 

bi-rectungular . , . , 443 
formula for urea of, In 

square unilH of uri-ii . 4(10 

Iri-rectangtilar .... 441t 

spherical triaUKlcH. Hii]ipTi>- 

mental 44'J 

aymmelrical .... 444 

Spherical w(>dge .... 4)11 

Kpherid 402 

Surface, conical .... 4i:i 

cylindrical 403 



Tangent, line to uphi 
plane to cone , 
plane to cylinder 
plane Id sphere 
•pber.. . . . 

Tctrahcilral an^le 

Tetrahedron 

Thalea .... 

Triangle, |H>lar 
Hpherieal 

Trihedral angle 
bi- rectangular . 
iKOHceleK 
rectaoguUr 
tri- rectangular , 



L'ntt of volume 

L'niU of nplicrical Mirfue . 4C2 
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INDEX OF DEFINITIONS AND FOKMULAS. 



Vertex o( cone 

of polyhedral angle 

o( pyramid . 

of spherical pyramid 
Vertices of polyhedron 

of Bpherical polygon 

Volume of Bolid . 



FAOE 
Wedge, spherical . 461 

XenodorUB 496 

Zone 4S2 

altitude of 452 

bases of ..... . 452 

of one bane 452 
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